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PREFACE

This report describes a complex computer model, SUTRA, for analysis of fluid flow and solute
or energy transport in subsurface systems. SUTRA is an upgrade of the 1984 SUTRA computer
code (Voss, 1984) adding the capability for three-dimensional simulation to the former code,
which allowed only two-dimensional simulation. The user is cautioned that although the model
will accurately reproduce the physics of flow and transport when used with proper discretization,
it will give meaningful results only for well-posed problems based on sufficient supporting data.

The user is kindly requested to notify the originating office of any errors found in this report or
in the computer program. Please report these by mail to:

SUTRA Support

U.S. Geological Survey
431 National Center
Reston, VA 20192
USA

Updates will occasionally be made to the report and the computer program to include corrections
of errors, addition of processes that may be simulated, and changes in numerical algorithms. The
version date of this report is given on the title page.

Copies of the computer program and manual for SUTRA and associated utility codes for
preprocessing and postprocessing are available free of charge from a U.S. Geological Survey
Web site:

http://water.usgs.gov/nrp/gwsoftware/sutra.html
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Abstract

SUTRA (Saturated-Unsaturated Transport) is a computer program that simulates fluid
movement and the transport of either energy or dissolved substances in a subsurface
environment. This upgraded version of SUTRA adds the capability for three-dimensional
simulation to the former code (Voss, 1984), which allowed only two-dimensional simulation.
The code employs a two- or three-dimensional finite-element and finite-difference method to
approximate the governing equations that describe the two interdependent processes that are
simulated:
1) fluid density-dependent saturated or unsaturated ground-water flow; and
2) either
(a) transport of a solute in the ground water, in which the solute may be subject to:
equilibrium adsorption on the porous matrix, and both first-order and zero-order
production or decay; or
(b) transport of thermal energy in the ground water and solid matrix of the aquifer.

SUTRA may also be used to simulate simpler subsets of the above processes. A flow-direction-
dependent dispersion process for anisotropic media is also provided by the code and is
introduced in this report. As the primary calculated result, SUTRA provides fluid pressures and
either solute concentrations or temperatures, as they vary with time, everywhere in the simulated
subsurface system.

SUTRA flow simulation may be employed for two-dimensional (2D) areal, cross sectional and
three-dimensional (3D) modeling of saturated ground-water flow systems, and for cross sectional
and 3D modeling of unsaturated zone flow. Solute-transport simulation using SUTRA may be
employed to model natural or man-induced chemical-species transport including processes of
solute sorption, production, and decay. For example, it may be applied to analyze ground-water
contaminant transport problems and aquifer restoration designs. In addition, solute-transport
simulation with SUTRA may be used for modeling of variable-density leachate movement, and
for cross sectional modeling of saltwater intrusion in aquifers at near-well or regional scales,
with either dispersed or relatively sharp transition zones between freshwater and saltwater.
SUTRA energy-transport simulation may be employed to model thermal regimes in aquifers,
subsurface heat conduction, aquifer thermal-energy storage systems, geothermal reservoirs,
thermal pollution of aquifers, and natural hydrogeologic convection systems.

Mesh construction, which is quite flexible for arbitrary geometries, employs quadrilateral finite
elements in 2D Cartesian or radial-cylindrical coordinate systems, and hexahedral finite elements
in 3D systems. 3D meshes are currently restricted to be logically rectangular; in other words,
they are similar to deformable finite-difference-style grids. Permeabilities may be anisotropic
and may vary in both direction and magnitude throughout the system, as may most other aquifer
and fluid properties. Boundary conditions, sources and sinks may be time dependent. A number
of input data checks are made to verify the input data set. An option is available for storing
intermediate results and restarting a simulation at the intermediate time. Output options include
fluid velocities, fluid mass and solute mass or energy budgets, and time-varying observations at
points in the system. Both the mathematical basis for SUTRA and the program structure are
highly general, and are modularized to allow for straightforward addition of new methods or
processes to the simulation. The FORTRAN-90 coding stresses clarity and modularity rather
than efficiency, providing easy access for later modifications.
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Chapter 1: Introduction

1.1 Purpose and Scope

SUTRA (Saturated-Unsaturated Transport) is a computer program that simulates fluid
movement and the transport of either energy or dissolved substances in a subsurface
environment. This upgraded version of SUTRA adds the capability for three-dimensional (3D)
simulation to the former code (Voss, 1984), which allowed only two-dimensional (2D)
simulation. The code employs a 2D or 3D finite-element and finite-difference method to
approximate the governing equations that describe the two interdependent processes that are
simulated:
1) Fluid-density-dependent saturated or unsaturated ground-water flow; and either
2) (a) transport of a solute in the ground water, in which the solute may be subject to:
equilibrium adsorption on the porous matrix, and both first-order and zero-order
production or decay; or
(b) transport of thermal energy in the ground water and solid matrix of the aquifer.

SUTRA provides, as the primary calculated result, fluid pressures and either solute
concentrations or temperatures, as they vary with time, everywhere in the simulated subsurface
system. SUTRA may also be used to simulate simpler subsets of the above process.

This report describes the physical-mathematical basis and the numerical methodology of the
SUTRA computer code. The report can be divided into four groups, which may be read
depending on the reader’s background and interest.

The overview of simulation with SUTRA and methods may be obtained from
Chapter 1—Introduction.

The basics, at a fundamental level, for a reader who will carry out simulations with
SUTRA, may be obtained by additional reading of
Chapter 2—Physical-Mathematical Basis of SUTRA Simulation, which gives a
complete and detailed description of processes that SUTRA simulates and
describes each physical parameter required by SUTRA input data;
Chapter 3—Fundamentals of Numerical Algorithms, which gives an introduction
to the numerical aspects of simulation with SUTRA;
Chapter 6—Simulation Examples; and
Chapter 7—Simulation Setup.

The complete details of SUTRA methodology are given in the following additional
sections:

Chapter 4—Numerical Methods; and

Chapter 5—Other Methods and Algorithms.
Chapter 4 provides the detail upon which program modifications may be based, and
portions of Chapter 5 are valuable background for certain simulation applications.

Additional details are contained in the appendices:

Appendix A—List of Symbols; and

Appendix B— SUTRA Input Data List.
Appendix A contains a complete listing of all nomenclature and symbols used in this
report. Appendix B describes in detail the SUTRA input datasets.




1.2 The Model

SUTRA is based on a general physical, mathematical and numerical structure implemented in the
computer code in a modular design. This allows straightforward modifications and additions to
the code. Eventual modifications may be, for example, the addition of nonequilibrium sorption
(such as two-site models), equilibrium chemical reactions or chemical kinetics, or addition of
over- and underburden heat-loss functions, a wellbore model, or confining bed leakage.

The SUTRA model stresses general applicability, numerical robustness and accuracy, and clarity
in coding. Computational efficiency is somewhat diminished to preserve these qualities. The
modular structure of SUTRA, however, allows implementation of any eventual changes that may
improve efficiency. Such modifications may be in the configuration of the matrix equations, in
the solution procedure for these equations, or in the finite-element integration routines.
Furthermore, the general nature and flexibility of the input data allows easy adaptability to user-
friendly and graphical input-output programming. The modular structure would also ease major
changes such as modifications for simultaneous energy and solute-transport simulations.

1.3 SUTRA Processes

Simulation using SUTRA is in two or three spatial dimensions. A pseudo-3D quality is provided
for 2D, in that the thickness of the 2D region in the third direction may vary from point to point.
A 2D simulation may be done either in the areal plane or in a cross sectional view. The 2D
spatial coordinate system may be either Cartesian (X,y) or radial-cylindrical (r,z). Areal
simulation is usually physically unrealistic for variable-density fluid and for unsaturated flow
problems. The 3D spatial coordinate system is Cartesian (x,y,z).

Ground-water flow is simulated through numerical solution of a fluid mass-balance equation.
The ground-water system may be either saturated, or partly or completely unsaturated. Fluid
density may be constant, or vary as a function of solute concentration or fluid temperature.

SUTRA tracks the transport of either solute mass or energy in flowing ground water through a
unified equation, which represents the transport of either solute or energy. Solute transport is
simulated through numerical solution of a solute mass-balance equation where solute
concentration may affect fluid density. The single solute species may be transported
conservatively, or it may undergo equilibrium sorption (through linear, Freundlich, or Langmuir
isotherms). In addition, the solute may be produced or decay through first- or zero-order
processes. Energy transport is simulated through numerical solution of an energy-balance
equation. The solid grains of the aquifer matrix and fluid are locally assumed to have equal
temperature, and fluid density and viscosity may be affected by the temperature.

Most aquifer material, flow, and transport parameters may vary in value throughout the
simulated region. Sources and boundary conditions of fluid, solute and energy may be specified
to vary with time or may be constant.

SUTRA dispersion processes include diffusion and two types of fluid velocity-dependent
dispersion. The standard dispersion model for isotropic media assumes direction-independent
values of longitudinal and transverse dispersivity. A flow-direction-dependent dispersion process
for anisotropic media is also provided and is introduced in this report. This process assumes that



longitudinal and transverse dispersivities vary depending on the orientation of the flow direction
relative to the principal axes of aquifer permeability.

1.4 Some SUTRA Applications

SUTRA may be employed in one-, two-, or three-dimensional analyses. Flow and transport
simulation may be either steady state, which requires only a single solution step, or transient,
which requires a series of time steps in the numerical solution. Single-step steady-state solutions
are usually not appropriate for nonlinear problems with variable density, saturation, viscosity or
nonlinear sorption.

SUTRA flow simulation may be employed for 2D areal, cross sectional, and fully 3D modeling
of saturated ground-water flow systems and unsaturated-zone flow. Hydraulic aquifer tests may
be analyzed using flow simulation. SUTRA solute-transport simulation may be employed to
model natural or man-induced chemical-species transport including processes of solute sorption,
production and decay. Such simulation may be used to analyze ground-water contaminant-
transport problems and aquifer restoration designs. SUTRA solute-transport simulation may also
be used for modeling of variable-density leachate movement, and for cross sectional modeling of
seawater intrusion and other saline-water migration in aquifers at near-well or regional scales
with either dispersed or relatively sharp transition zones between freshwater and saltwater.
SUTRA energy-transport simulation may be employed to model thermal regimes in aquifers,
subsurface heat conduction, aquifer thermal-energy storage systems, geothermal reservoirs,
thermal pollution of aquifers, and natural hydrogeologic convection systems. A review of
published SUTRA applications is given in Voss (1999).

1.5 SUTRA Numerical Methods

SUTRA simulation is based on a hybridization of finite-element and integrated-finite-difference
methods employed in the framework of a method of weighted residuals. The method is robust
and accurate when employed with proper spatial and temporal discretization. Standard finite-
element approximations are employed only for terms in the balance equations that describe
fluxes of fluid mass, solute mass, and energy. All other nonflux terms are approximated with a
finite-element mesh version of the integrated-finite-difference methods. The hybrid method is the
simplest and most economical approach that preserves the mathematical elegance and geometric
flexibility of finite-element simulation, while taking advantage of finite-difference efficiency.

SUTRA employs a special finite-element method for calculation of fluid velocities in variable
density fluids. Fluid velocities, when calculated with standard finite-element methods for
systems with variable fluid density, may display spurious numerically generated components
within each element. These errors are due to fundamental numerical inconsistencies in spatial
and temporal approximations for the pressure gradient and density-gravity terms, which are
involved in velocity calculation. Spurious velocities can significantly add to the dispersion of
solute or energy. This false dispersion makes accurate simulation of all systems impossible,
except those with very low vertical concentration or temperature gradients, even when fine
vertical spatial discretization is employed. Velocities as calculated in SUTRA, however, are
based on a consistent spatial and temporal discretization, which is described in this report and by
Voss and Souza (1987). The consistently evaluated velocities allow stable and accurate transport
simulation (even at steady state) for systems with large vertical gradients of concentration or
temperature. An example of such a system that SUTRA successfully simulates is a cross



sectional regional model of a coastal aquifer wherein the transition zone between horizontally
flowing freshwater and deep stagnant saltwater is relatively narrow (Voss and Souza, 1987).

The time discretization used in SUTRA is based on a backwards finite-difference approximation
for the time derivatives in the balance equations. Some nonlinear coefficients are evaluated at the
new time level of solution by projection, and others are evaluated at the previous time level for
noniterative solutions. All coefficients are evaluated at the new time level for iterative solutions.

The finite-element method used in SUTRA allows the simulation of irregular regions with
irregular internal discretization in 2D and regular (logically rectangular) internal discretization in
3D. This is made possible through use of quadrilateral elements with four corner nodes in 2D
and hexahedral elements with eight corner nodes in 3D. Coefficients and properties of the system
may vary in value throughout the mesh. Manual construction and data preparation for 2D and 3D
meshes requires considerable labor; instead, preprocessing software such as the text-based
program SutraPrep (Provost, 2002) and the interactive graphical user interface SutraGUI
(Winston and Voss, 2002) should be used for this purpose.

SUTRA includes an optional numerical method, based on asymmetric finite-element weighting
functions, that results in “upstream weighting” of advective transport and unsaturated fluid flux
terms. Although upstream weighting has been employed to achieve stable, non-oscillatory
solutions to transport problems and unsaturated flow problems, the method is not recommended
for general use as it merely changes the physical system being simulated by increasing the
magnitude of the dispersion process. A practical use of the method is, however, to provide a
simulation of the sharpest concentration or temperature variations possible with a given mesh.
This is obtained by specifying a simulation with no physical diffusion or dispersion, and with
50% upstream weighting. The results may be interpreted as the solution with the minimum
amount of dispersion possible for a stable result in the particular mesh in use. In general
simulation analyses of transport, upstream weighting is discouraged. The normal non-upstream
methods provided by SUTRA are based on symmetric weighting functions. These methods are
robust and accurate when the finite-element mesh is properly designed for a particular
simulation, and should be used for most transport simulations.

1.6 SUTRA as an Analytical Tool

SUTRA will provide clear, accurate answers only to well-posed, well-defined, and well-
discretized simulation problems. In less well-defined systems, SUTRA simulation can help
visualize a conceptual model of the flow and transport regime, and can aid in deciding between
various conceptual models. In such less well-defined systems, simulation can help answer
questions such as: Is an inaccessible aquifer boundary, which is ten kilometers offshore either
leaky or impermeable? How leaky? Does this boundary affect the primary analysis of onshore
water supply? This mode of modeling is called ‘hypothesis testing.’

SUTRA is not useful for making exact predictions of future responses of typical hydrologic
systems that are not well defined. Rather, SUTRA is useful for hypothesis testing and for helping
to understand the physics of such a system. On the other hand, developing an understanding of a
system based on simulation analysis can help make a set of worthwhile predictions that are
predicated on uncertainty of both the physical model design and model parameter values. In
particular, transport simulation that relies on large amounts of dispersion must be considered an



uncertain basis for prediction because of the idealized mathematical assumptions inherent in the
SUTRA dispersion process.

Because a simulation-based prediction made with certainty is often inappropriate, an “if-then”
prediction may be more realistic. A reasonable type of result of SUTRA simulation analysis may
thus be: “Based on the uncertainty in location and type of boundary condition A, and uncertainty
in the distribution of values for parameters B and C, the following predictions are made. The
extreme, but reasonable combination of A, B, and C results in prediction X; the opposite
reasonable extreme combination of A, B, and C results in prediction Y; the combination of best
estimates of A, B, and C results in prediction Z, and is considered most likely.”

In some cases, the available real data on a system may be so poor that a simulation using
SUTRA is so ambiguously defined that no prediction at all can be made. In this instance, the
simulation may be used to point out the need for particular types of data collection. The model
could be used to advantage in visualizing possible regimes of system behavior rather than to
determine which is accurate.
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Chapter 2: Physical-Mathematical Basis of SUTRA Simulation

The physical mechanisms that drive thermal energy transport and solute transport in the
subsurface environment are described by nearly identical mathematical expressions. SUTRA
takes advantage of this similarity, and with a simple program structure provides for simulation of
either energy or solute transport. In fact, SUTRA simulation combines two physical models, one
to simulate the flow of ground water, and the second to simulate the movement of either thermal
energy or a single solute in the ground water.

Note: All symbols are defined in Appendix A — List of Symbols.

The primary variable upon which the flow model is based is fluid pressure, p [M/(L'sz)] =
p(x,y[,z],t). The latter expression means for 2D, p(x,y,t), and for 3D, p(x,y,z,t). Pressure may
vary spatially in the ground-water system, as well as with time. Pressure is expressed as a
combination of fluid mass units, [M], length units, [L], and time units in seconds, [s]. Fluid
density may vary depending on the local value of fluid temperature or solute concentration.
Variation in fluid density, aside from fluid pressure differences, may itself drive flows. The
effects of gravity acting on fluids with different density must therefore be accounted for in the
flow field.

The flow of ground water, in turn, is a fundamental mechanism upon which the physical models
of energy transport and solute transport are based. The primary variable characterizing the
thermal energy distribution in a ground-water system is fluid temperature, T [°C] = T(x,y[,z].t),
in degrees Celsius, which may vary spatially and with time. The primary variable characterizing
the state of solute distribution in a ground-water system is solute mass fraction, C[My/M] =
C(x,y[,z],t), which may also vary spatially and with time. The units are a ratio of solute mass,
[Ms] to fluid mass, [M]. The term “solute mass fraction” may be used interchangeably with
“solute concentration”, and no difference should be implied. Note that “solute volumetric
concentration”, C[MS/Lf3], (mass of solute, M, per volume of fluid, L¢ ), is not the primary
variable characterizing solute transport referred to either in this report or in output from the
SUTRA model. Note that the measure of solute mass [M;] may be in units such as [mg], [kg], or
[Ibm], and may differ from the measure, [M], of fluid mass.

SUTRA allows only the transport of either thermal energy or a single solute to be modeled in a
given simulation. Thus, when simulating energy transport, a constant value of solute
concentration is assumed in the ground water. When simulating solute transport, a constant
ground-water temperature is assumed.

When SUTRA simulation is carried out in two space dimensions, parameters vary only in these
two directions (x,y). However, the region of space to be simulated may be defined as 3D, when
the assumption is made that all SUTRA parameters and coefficients have a constant value in the
third space direction. A SUTRA simulation may be carried out over a region defined over two
space coordinates (x,y) in which the thickness of the region measured in the third coordinate
direction (z) varies depending on (x,y) position.
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2.1 Physical Properties of Solid Matrix and Fluid

Fluid physical properties

The ground-water fluid density and viscosity may vary depending on pressure, temperature and
solute concentration. These fundamental variables are defined as follows:

p(x.y[.z].t) M/ (L°Sz)] fluid pressure

T(x,y[,z].t) [°C] fluid temperature (degrees Celsius)

Cx,y[,z],t) [My/M] fluid solute mass fraction (or solute
concentration) (mass solute per mass
total fluid)

As a point of reference, “solute volumetric concentration” is defined in terms of fluid density, p:

c(x,y[,z],t) Mg/ L3f ] solute volumetric concentration

(mass solute per volume total fluid)

p(x.yL.Z1.0) [M/L3 ] fluid density
c=pC 2.1
p=p, +¢ (2.2)

Total fluid density is the sum of pure water density, py, and c. Note again that “solute
concentration” refers to solute mass fraction, C, and not c. Fluid density, is a weak function of
pressure and depends primarily upon fluid solute concentration and temperature. The
approximate density models employed by SUTRA are first order Taylor expansions (in either T
or C) about a base (reference) density, but other density models may be substituted through
minor modifications to the program. For energy transport:

p
=p(Mzp +—(T-T 23
p=p(M)zp, +—(T-T,) 23)
Po [M/ L3f] base fluid density at T=T,
T, [°C] base fluid temperature

where p, is the base fluid density at a base (reference) temperature of T,, and 0p/0T is a constant
value of density change with temperature. For the range 20°C to 60°C, 0p/0T is approximately
-0.375 [kg/(m’-°C)]; however, this factor varies and should be carefully chosen for the
temperature range of interest.
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For solute transport:

p
=p(C)z=p, +—C-C 2.4
p=p(C)=p, +--(C-C,) (2.4)
Po [M/ L3f ] base fluid density at C=C,
Co [M¢/M] base fluid solute concentration

where p, is the base fluid density at base concentration, C,. (Usually, C, = 0, and the base
density is that of pure water.) The factor 0p/0C is a constant value of density change with
concentration. For example, for mixtures of freshwater and seawater at 20°C, when C is the mass
fraction of total dissolved solids, C, = 0, and p, = 998.2 [kg/m3 ], then the factor, 0p/0C, is
approximately 700. [kg/m’].

Fluid viscosity, u [M/L¢-s], is a weak function of pressure and of concentration (for all except
very high concentrations), and depends primarily on fluid temperature. For energy transport the
viscosity of pure water is given in m-k-s units by:

248.37 j

w(T)=(239.4x107) 10(”33-15 [ke/(m-s)] (2.5)

(The units may be converted to those desired via a scale factor in the program’s input data.)
For solute transport, viscosity is taken to be constant. For example, at 20°C in m-k-s units,

WO r_spc =1.0x10°  [kg/(m-s)] (2.6)

Properties of fluid within the solid matrix

The total volume of a porous medium is composed of a matrix of solid grains typically of solid
earth materials, and of void space, which includes the entire remaining volume that the solid
does not fill. The volume of void space may be fully or partly filled with gas or liquid, and is
commonly referred to as the pore volume. Porosity is defined as a volume of voids in the soil
matrix per total volume of voids plus matrix:

e(x,yl[,z],t) [1] porosity (volume of voids per total volume)
where [1] indicates a dimensionless quantity.
It should be noted that SUTRA employs only one type of porosity, €. In some instances there
may be need to distinguish between a porosity for pores which take part in fluid flow (effective

porosity) and pores which contain both stagnant and flowing fluid (total porosity).
(Modifications may be made by the user to include this process.)
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The fraction of total volume filled by the fluid is €Sy, where:

Sw(x,y[,z],t) [1] water saturation (saturation)
(volume of water per volume of voids)

When Sy, = 1, the void space is completely filled with fluid and is said to be saturated. When
Sw <1, the void space is only partly water filled and is referred to as being unsaturated.

When Sy, < 1, water adheres to the surface of solid grains by surface tension effects, and the fluid
pressure is less than atmospheric. Fluid pressure, p, is measured with respect to background or
atmospheric pressure. The negative pressure is defined as capillary pressure, which exists only
forp <0:

pe(x,¥[,Z],t) [M/(L+s%)] capillary pressure
pc.=—p whenp<0
p.=0 whenp >0 (2.7)

In a saturated porous medium, as fluid (gauge) pressure drops below zero, air may not directly
enter the void space, but may enter suddenly when a critical capillary pressure is reached. This
pressure, peent, 1S the entry pressure (or bubble pressure):

Peent [M/(L-s%)] entry capillary pressure

Typical values for peent range from about 1.0 x 10” [kg/(m*s®)] for coarse sand to approximately
5.0 x 10° [kg/(m-s?)] for fine silty sand.

The relation between fluid saturation and capillary pressure in a given medium is typically
determined by laboratory experiment, and except for the portion near bubble pressure, tends to
have an exponential character (Figure 2.1). Different functional relations exist for different
materials as measured in the laboratory. In addition, a number of general functions with
parameters to be fitted to laboratory data are available. Because of the variety of possible
functions, no particular function is set by SUTRA; any desired function may be specified for
simulation of unsaturated flow. For example, a general function with three fitting parameters is
(Van Genuchten, 1980):

S, =S, + (1—swres){;} [7] (2.8)

1+ (ap, )"

where Sy 1S a residual saturation below which saturation is not expected to fall (because the
fluid becomes immobile), and both a and n are parameters. The values of these parameters
depend upon a number of factors and these must be carefully chosen for a particular material.

The total mass of fluid contained in a total volume, VOL, of solid matrix plus pore space is
(eSwp)VOL. The actual amount of total fluid mass contained depends solely on fluid pressure, p,
and solute concentration, C, or fluid temperature, T. A change in total fluid mass in a volume,
assuming VOL is constant, is expressed as follows:
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, —war | 0ES,p) 3eS,p)
VOL d(sswp)_VOL{ % dp + = du (2.9)

where U represents either C or T. Saturation, Sy, is entirely dependent on fluid pressure, and
porosity, €, does not depend on concentration or temperature:

VOL-d(eS, p)=VOL-|| S, lep) rep S ldpres. P qu (2.10)
op op ou

The factor, 0S,,/0p, is obtained by differentiation of the chosen saturation-capillary pressure
relation. For the example function given as (2.8),

as, _ {a(nl)(lswm )(apc)@l)]

dp (1+(apc )n )(Zn—l)/n

2.11)

Sw
A

1.0
I
09F |
I
08F |
07F |
|

06F |
|

|

|

|

|

|

|

|

0.5
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Figure 2.I. Saturation-capillary pressure relation (schematic). S, is saturation, S, is residual
saturation, and pgent is air entry pressure (bubble pressure).

17



The factor, 0p/0U, is a constant value defined by the assumed density models, given by
equations (2.3) and (2.4).

Aquifer storativity under fully saturated conditions is related to the factor, d(ep)/Op, by
definition, as follows (Bear, 1979):

oep) pS., 2.12)
where:
AVOL
o = ! = (2.13)
" VOL{ Ap
Sop(X,y) [M/(L-sH)]™ specific pressure storativity

The specific pressure storativity, Sop, is the volume of water released from saturated pore storage
due to a unit drop in fluid pressure per total solid matrix plus pore volume. Note that the
common specific storativity, S, [L '], which when multiplied by confined aquifer thickness gives

g [L/s”] is the
magnitude of the gravitational acceleration vector. The common specific storativity, S,, is

analogous to the specific pressure storativity, S, used in SUTRA, except that S, expresses the
volume of water released from pore storage due to a unit drop in hydraulic head.

the well known storage coefficient, S|

op

SUTRA employs an expanded form of the specific pressure storativity based on fluid and bulk
porous matrix compressibilities. The relation is obtained as follows by expanding equation
(2.12):

pS., _p% Lo (2.14)

dp  Ip

The coefficient of compressibility of water is defined by

(2.15)

=
Il
3|8

1
p

B [M/(L*s%)] fluid compressibility
which allows the last term of (2.14) to be replaced by epf.

For pure water at 20°C, B ~ 4.47 x 10'° [kg/(m*s*)]"". As the volume of solid grains, VOL,, in a

volume, VOL, of porous solid matrix plus void space is VOL; = (1—¢)-VOL, the factor, 0¢/0p,
may be expressed as:

8 _(1-g) 4(VOL)
op VOL dp

(2.16)
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which assumes that individual solid grains are relatively incompressible. The total stress at any

point in the solid matrix-fluid system is the sum of effective (intergranular) stress, ¢' [M/(L'sz)],
and fluid pore pressure, p, in systems where the total stress remains nearly constant, do' = —dp,
and any drop in fluid pressure increases intergranular stress by a like amount. This consideration
allows (2.16) to be expressed in terms of bulk porous matrix compressibility, as:

0e/0p = (1—€)a, where

o= .1 2VOL) 2.17)
VOL 0o’

o [M/(L*s%)]" porous matrix compressibility

c' [M/(L+s%)] intergranular stress

Factor a ranges from a ~ 1071 [kg/(m'sz)]f1 for sound bedrock to about o ~ 10~ [kg/(m'sz)]f1
for clay (Freeze and Cherry, 1979). Thus equation (2.14) may be rewritten as

PSop = p(1-€)a + epP, and, in effect, the specific pressure storativity, Sop, is expanded as:
S, =(1-8)a+ef (2.18)

The porosity value itself is held constant for SUTRA, despite relation (2.16), although this may

cause small errors in some cases (Goode, 1992). A more thorough discussion of storativity is
presented by Bear (1979).

2.2 Saturated-Unsaturated Ground-Water Flow

Fluid flow and flow properties

Fluid movement in porous media where fluid density varies spatially may be driven by
differences either in fluid pressure or by unstable variations in fluid density. Pressure-driven
flows, for example, are directed from regions of higher than hydrostatic fluid pressure toward
regions of lower than hydrostatic pressure. Density-driven flows occur when gravity forces act
on denser regions of fluid causing them to flow downward relative to fluid regions that are less
dense. A stable density configuration drives no flow, and is one in which fluid density remains
constant or increases with depth.

The mechanisms of pressure and density driving forces for flow are expressed for SUTRA

simulation by a general form of Darcy’s law, which is commonly used to describe flow in porous
media:

g:-[}:{r J - (Vp-pg) (2.19a)

w
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where:

v (x,y[,z],t) [L/s] average fluid velocity

k (x,y[,z]) [LZ] solid matrix permeability (in 2D, a2 x 2
matrix of values; in 3D, a 3 x 3 matrix of
values)

ke (x,y[,2],t) [1] relative permeability to fluid flow

(assumed to be independent of direction)

g [L/s*] gravitational acceleration (gravity vector)
The gravity vector is defined in relation to the direction in which vertical elevation is measured:

g =—|g V(ELEVATION) (2.19b)

where ‘ g‘ is the magnitude of the gravitational acceleration vector. For example, if the y-space-

coordinate is oriented directly upwards, then V(ELEVATION) is a vector of values (for x, y and

z directions, respectively): (0,1,0), and g = (0, —‘ g[,0). If for example, ‘directly upwards’ is
within in the x-y plane at a 60° angle to the x-axis, then V (ELEVATION) = ((1/2), (3 /2/2), 0)

Z3
and g = (—(1/2)\5,—(3 /2)\5

, 0). The z-component is ignored for 2D analysis.

The average fluid velocity, v, is the velocity of fluid with respect to the stationary solid matrix.
The velocity is referred to as an “average”, because true velocities in a porous medium vary from
point to point due to variations in the permeability and porosity of the medium at a spatial scale
smaller than that at which measurements are made. The so-called Darcy velocity, g, for the sake
of reference, is q = €Syv. This value is always less than the true average fluid velocity, v, and

thus, not being a true indicator of the speed of water movement. “Darcy velocity”, g, is actually a
‘flux’ of fluid, representing the volume of fluid crossing an area of porous medium per time.

Fluid velocity, even for a given pressure and density distribution, may take on different values
depending on how mobile the fluid is within the solid matrix. Fluid mobility depends on the
combination of permeability, k, relative permeability, k;, and viscosity, u, which occurs in

equation (2.19a). Permeability is a measure of the ease of fluid movement through
interconnected voids in the solid matrix when all voids are completely saturated. Relative
permeability expresses what fraction of the total permeability remains when the voids are only
partly fluid-filled and only part of the total interconnected void space is connected by continuous
fluid channels. Viscosity directly expresses ease of fluid flow; a less viscous fluid flows more
readily under a driving force.

As a point of reference, in order to relate the general form of Darcy’s law, (2.19a), back to a

better known form dependent on hydraulic head, the dependence of flow on density and
saturation must be ignored. When the solid matrix is fully saturated, Sy, = 1, the relative
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permeability to flow is unity k. = 1. When, in addition, fluid density is constant, the right side of
(2.192) expanded by (2.19b) may be multiplied and divided by pg|:

~lple| v| 2|4+ V(ELEVATION) (2.202)
e | "ol

X:

The hydraulic conductivity, K(x,y[,z],t) [L/s], may be identified in this equation as

K=(kp ‘ g‘ )/u; pressure head, hy(x,y[,z],t) [L], is hy, = p/(p ‘ g‘ ). Hydraulic head, h(x,y[,z],t) [L], is
defined as h = h, + ELEVATION. Thus, for constant density, saturated flow,

v=- [E) -V h (2.20b)

which is Darcy’s law written in terms of the hydraulic head. Even in this basic form of Darcy’s
law, flow may depend on solute concentration and temperature. The hydraulic conductivity,
through viscosity, is highly dependent on temperature, and measurably, but considerably less on
concentration. In cases where density or viscosity is not constant, therefore, hydraulic
conductivity, K , is not a fundamental parameter describing ease of flow through the solid matrix.

Permeability, k, is, in most situations, essentially independent of pressure, temperature and

concentration and therefore is the appropriate fundamental parameter describing ease of flow in
the SUTRA model.

Permeability, k, describes ease of fluid flow in a saturated solid matrix. When permeability in a

particular small volume of solid matrix depends on the direction of the flow, the permeability is
said to be anisotropic. Direction-independent permeability is called isotropic. It is commonly
assumed that permeability is the same for flow forward or backward along a particular line in
space. When permeability is anisotropic, there is always one particular direction, Xmax, along
which permeability has a maximum value, Kyax [Lz], and another direction, Xuin, along which
permeability has a minimum value, ki, [L*]. These two principal directions are mutually
perpendicular. In 3D, there exists a third principal direction, Xpig, Which is perpendicular to the
first two, and in which the permeability has an intermediate, or “middle,” value, kpiq [L*].

The permeability tensor, k, of Darcy’s law, equation (2.19), has four components in 2D and nine

components in 3D. The values of these tensorial components depend on the effective
permeabilities in the X, y, and z coordinate directions, which are not necessarily aligned with the
principal directions of permeability. The required coordinate rotations are carried out
automatically by SUTRA according to the method described in section 5.1, “Rotation of
Permeability Tensor.”
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(a)

|

Xmid

(b)

Figure 2.2. Definition of anisotropic permeability and effective permeability, k, in (a) 2D and (b) 3D. In
2D, Xmax and Xmi, are the directions of maximum and minimum permeability, kmax and kpin, and 6 is
the angle of the maximum permeability direction from the x-axis. In 3D, X4 is an additional direction
that corresponds to a middle permeability, kniq. (For the sake of visual clarity, the 3D diagram omits
the (x, y, z)-coordinate axes and the angles that relate coordinate systems.)
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At any given point in space, an anisotropic permeability field in 2D is completely described by
the permeability ellipse shown in Figure 2.2a, in which

Kmax(X,y) [L%] absolute maximum value of permeability
Kmin(X,y) [L%] absolute minimum value of permeability
0(x,y) [°] angle from +x-coordinate axis to direction of

maximum permeability, Xmax

The lengths of the semi-major and semi-minor axes of the ellipse are defined as k!> and k'

max min ?

respectively, and the length of any radius is k *, where k is the effective permeability for flow
along that direction. The angle 0 orients the principal directions, Xyax, and Xmin, to the x and y
coordinate directions. In the case of isotropic permeability, kmax = kmin, and 0 is arbitrary.

In 3D, an anisotropic permeability field is completely described by the permeability ellipsoid
shown in Figure 2.2b, in which

Kmax(X,y,Z) [L?] maximum value of permeability

kmid(X,y,2) [L?] middle value of permeability

Kmin(X,y,2) [L?] minimum value of permeability

01(x,y) [°] angle from +x-coordinate axis to direction of
maximum permeability, measured within the
x,y-plane

0:2(x,y) [°] angle upward from the x,y-plane to the

direction of maximum permeability

03(x,y) [°] angle from the x,y-plane to the direction of
middle permeability, measured as a
counterclockwise rotation about the axis of
maximum permeability (looking down the
positive half of this axis toward the origin)

The lengths of the principal semi-axes of the ellipsoid are defined as k! , k', and k2 and

max mid ? min >
the length of any radius is k~, where k is the effective permeability for flow along that direction.
The angles 0, 0,, and 05 orient the principal directions, Xmax, Xmid> and Xmin, to the X, y, and z

coordinate directions. In the case of isotropic permeability, Kmax = kimid = kmin, and 0, 0,, and 05
are arbitrary.

The discussion of isotropic and anisotropic permeability, k, applies as well to flow in an

unsaturated solid matrix, Sy < 1, although unsaturated flow has additional unique properties
which require definition. When fluid capillary pressure, p, is less than entry capillary pressure,
Peent, the void space is saturated Sy, = 1, and local porous medium flow properties are not
pressure-dependent but depend only on void space geometry and connectivity. When pe > peent,
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then air or another gas has entered the matrix and the void space is only partly fluid filled,

Sw < 1. In this case, the ease with which fluid can pass through the solid matrix depends on the
remaining cross section of well-connected fluid channels through the matrix, as well as on
surface tension forces at fluid-gas, and fluid-solid interfaces. When saturation is so small such
that no interconnected fluid channels exist and residual fluid is scattered about and tightly bound
in the smallest void spaces by surface tension, flow ceases entirely. The relative permeability to
flow, k;, which is a measure of this behavior, varies from a value of zero or near zero at the
residual fluid saturation, Sy, to a value of one at saturation, S,, = 1. A relative permeability-
saturation relation (Figure 2.3) is typically determined for a particular solid matrix material in the
laboratory as is the relation, Sy(p.). Relative permeability is assumed in SUTRA to be
independent of direction in the porous media.

SUTRA allows any desired function to be specified which gives the relative permeability in
terms of saturation or pressure. A general function, for example, based on the saturation-capillary
pressure relation given as an example in (2.8), is (Van Genuchten, 1980):

L1 { (nj}(nnl]
k =S "1 1-s" o (2.21a)

where the a dimensionless saturation, S is given by:

S, —-S
S* — W WIECS 2.21b
i (221b)

Flow in the gaseous phase that fills the remaining void space not containing fluid when S, <1 is
assumed not to contribute significantly to total solute or energy transport which is due primarily
to fluid flow and other transport processes through both fluid and solid matrix. Furthermore, it is
assumed that pressure differences within the gas do not drive significant fluid flow. These
assumptions are justified in most common situations when gas pressure is approximately
constant throughout the solid matrix system. Should gas pressure vary appreciably in a field
system, simulation with SUTRA, which is by definition a single phase flow and transport model,
must be critically evaluated against the possible necessity of employing a multiphase fluid flow
and transport model.

Fluid mass balance

The so-called “flow simulation” provided by SUTRA is in actuality a calculation of how the
amount of fluid mass contained within the void spaces of the solid matrix changes with time. In a
particular volume of solid matrix and void space, the total fluid mass (eSyp):VOL, may change
with time due to ambient ground-water inflows or outflows; injection or withdrawal wells;
changes in fluid density caused by changing temperature or concentration; or changes in
saturation. SUTRA flow simulation is, in fact, a fluid mass balance which keeps track of the
fluid mass contained at every point in the simulated ground-water system as it changes with time
due to flows, wells, and saturation or density changes.

The fluid mass balance is expressed as the sum of pure water and pure solute mass balances for a
solid matrix in which there is negligible net movement (i.e., no subsidence and no compaction):
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a(sSWp)

=-V-(eS,pv)+Q, + Y

(2.22)

ot -
where:
Qp(x,y[,2],t) [M/(Ls's)] fluid mass source (including pure water mass
plus solute mass dissolved in source water)
Y (x,y[,z],t) [M/(L3°s)] solute mass source (e.g., dissolution of solid
matrix or desorption)
K, A
1.0 T T T T 1
08 -
0.6 -
4 .
0 \experimental
| relationship
02 -
0.0 | I | | -
w
0.0 S 0.5 1.0
wres

Figure 2.3. Relative permeability-saturation relation (schematic). k; is the relative permeability.
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The term on the left may be recognized as the total change in fluid mass contained in the void
space with time. The term involving V represents contributions to local fluid mass change due to
excess of fluid inflows over outflows at a point. The fluid mass source term, Q,, accounts for
external additions of fluid including pure water mass plus the mass of any solute dissolved in the
source fluid. The pure solute mass source term, Y, may account for external additions of pure
solute mass not associated with a fluid source. In most cases, this contribution to the total mass is
small compared to the total pure water mass contributed by fluid sources, Q,. Pure solute
sources, Y, are therefore neglected in the fluid mass balance, but may be readily included in
SUTRA for special situations. Note that solute mass sources are not neglected in the solute mass
balance, which is discussed in section 2.4.

While (2.22) is the most fundamental form of the fluid mass balance, it is necessary to express
each mechanism represented by a term of the equation, in terms of the primary variables, p, C,
and T. As SUTRA allows variation in only one of C or T at a time, the letter U is employed to
represent either of these quantities. The development from equation (2.9) to (2.18) allows the
time derivative in (2.22) to be expanded:

a(eS oS
(eSup) _ S,pS,, +ep @{asw @)6—[} 2.23)
ot p ot ou ) at

While the concepts upon which specific pressure storativity, Sop, is based, do not exactly hold for
unsaturated media, the error introduced by summing the storativity term with the term involving
(0 Sw/0p) 1s insignificant as (O Sw/ 0 p) >>> S,p.

The exact form of the fluid mass balance as implemented in SUTRA is obtained from (2.22) by
neglecting Y, substituting (2.23) and employing Darcy’s law, (2.19), for v:

S, |op U g |[KKkP) © e
(Swpsop+sp P J&t +(SSW an o \% H " j (ZP pg)}—Qp (2.24)

2.3 Energy Transport in Ground Water

Subsurface energy-transport mechanisms

Energy is transported in the water-solid matrix system by flow of ground water, and by thermal
conduction from higher to lower temperatures through both the fluid and solid. The actual flow
velocities of the ground water from point to point in the 3D space of an aquifer may vary
considerably about an average velocity, v(X, y[, z], t), calculated from Darcy’s law (2.19a). As
the true, not average, velocity field is usually too complex to measure in real systems, an
additional transport mechanism approximating the effects of mixing of different temperature
ground waters moving both faster and slower than the average velocity, v, is hypothesized. This
mechanism, called energy dispersion, is employed in SUTRA as the best currently available,
though approximate, description of the mixing process. In the simple dispersion model
employed, dispersion, in effect, adds to the thermal conductivity value of the fluid-solid medium
in particular directions dependent upon the direction of fluid flow. In other words, mixing due to
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the existence of nonuniform, non-average velocities in three dimensions about the average flow,
v, is conceptualized as a diffusion-like process with anisotropic diffusivities.

The model has been shown, in fact, to well describe transport in purely homogeneous porous
media with uniform one-dimensional flows. In heterogeneous field situations with nonuniform
flow in, for example, irregular bedding or fractures, the model holds only at the predetermined
scale at which dispersivities have been determined and it must currently be considered as a
necessary approximation, and be very carefully applied when extrapolating to other scales of
transport.

Solid matrix-fluid energy balance

The simulation of energy transport provided by SUTRA is actually a calculation of the time rate
of change of the amount of energy stored in the solid matrix and fluid. In any particular volume

of solid matrix plus fluid, the amount of energy contained is [eSypey + (1—€)pses]: VOL, where:

Cw [E/M] energy per unit mass water
es [E/Mg] energy per unit mass solid matrix
Ps Mg/ L ] density of solid grain in solid matrix

and where [E] are energy units [M-L%/s?].

The stored energy in a volume may change with time due to: ambient water with a different
temperature flowing in, well water of a different temperature injected, changes in the total mass
of water in the block, thermal conduction (energy diffusion) into or out of the volume, energy
dispersion in or out, and energy production or loss due to nuclear, chemical or biological
reactions.

This balance of changes in stored energy with various energy fluxes is expressed as follows:

a[aSWpew + (1 - S)Pses] =-V. (gswpewz)-i- V. [7»1 . YT]

ot (2.25)

+V.- [SSWpCWQ-ZT]+ Qpch* +eS, pyl + (1 — 8)psyf)

MK, y[,z],t) [E/(s*L-°C)] bulk thermal conductivity of solid matrix plus
fluid

]

[1] identity tensor (ones on diagonal, zeroes
elsewhere) (in 2D, a 2 x 2 matrix of values;
in 3D, a 3 x 3 matrix of values)

Cw [E/(M-°C)] specific heat of water
(cu~4.182 x 10°[J/(kg-°C)] at 20°C)

D(x,y[,z],t) [L%s] dispersion tensor (in 2D, a 2 x 2 matrix of values;

in 3D, a 3 x 3 matrix of values)
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T*(X,y[,z],t) [°C] temperature of source fluid

Yo (x,y[,z],t) [E/(M*s)] energy source in fluid

7 (x,y[,z],t) [E/MgG*s)] energy source in solid grains

The time derivative expresses the total change in energy stored in both the solid matrix and fluid
per unit total volume. The term involving v expresses contributions to locally stored energy from
average-uniform flowing fluid (average energy advection). The term involving bulk thermal
conductivity, A, expresses heat conduction contributions to local stored energy and the term
involving the dispersivity tensor, D, approximately expresses the contribution of irregular flows
and mixing, which are not accounted for by average energy advection. The term involving Q,
accounts for the energy added by a fluid source with temperature, T . The last terms account for
energy production in the fluid and solid, respectively, due to endothermic reactions, for example.

While models that are more complex are available and may be implemented if desired, SUTRA
employs a volumetric average approximation for bulk thermal conductivity, A:

A=eS A, +(1-eh, (2.26)

Aw [E/(s'L-°C)] fluid thermal conductivity
(A ~ 0.6 [J/(s*m-°C)] at 20°C)

As [E/(s'L-°C)] solid thermal conductivity
(Aw ~ 3.5 [J/(s*m*°C)] at 20°C, for sandstone)

The specific energy content (per unit mass) of the fluid and the solid matrix depends on
temperature as follows:

e, =c T (2.27a)
e.=cT (2.27b)

Cs [E/(Mg°O)] solid grain specific heat
(cs ~ 8.4 x 10°[J/(kg-°C)]
for sandstone at 20°C)

An expanded form of the solid matrix-fluid energy balance is obtained by substitution of
(2.27a, b) and (2.26) into (2.25). This yields:

%[stpcw +(1-ejpc,] T+V-(eS,pc, ¥T) - V-{[S A, +(1-e)A ]I +&S,pc, D} VT
(2.28)

=Q.c, T +&S,py) + (1-¢)py:
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2.4 Solute Transport in Ground Water

Subsurface solute-transport mechanisms

Solute mass is transported through the porous medium by flow of ground water (solute
advection) and by molecular or ionic diffusion, which while small on a field scale, carries solute
mass from areas of high to low concentrations. The actual flow velocities of the ground water
from point to point in 3D space of an aquifer may vary considerably about an average velocity,
v, which is calculated from Darcy’s law (2.19a). As the true, not-average, velocity field is
usually too complex to measure in real systems, an additional transport mechanism
approximating the effects of mixing of waters with different concentrations moving both faster
and slower than the average velocity, v(x,y[,z],t), is hypothesized. This mechanism, called solute
dispersion, is employed in SUTRA as the best currently available, though approximate,
description of the mixing process. In the simple dispersion model employed, dispersion, in
effect, significantly adds to the molecular diffusivity value of the fluid in particular directions
dependent upon the direction of fluid flow. In other words, mixing due to the existence of
nonuniform, non-average velocities in three dimensions about the average flow, v, is
conceptualized as a diffusion-like process with anisotropic diffusivities.

The model has been shown, in fact, to describe transport well in purely homogeneous porous
media with uniform one-dimensional flows. In heterogeneous field situations with nonuniform
flows in, for example, irregular bedding or fractures, the model holds only at the predetermined
scale at which dispersivities have been determined and it must be considered as a currently
necessary approximation, and be very carefully applied when extrapolating to other scales of
transport.

Solute and adsorbate mass balances

SUTRA solute-transport simulation accounts for a single species mass stored in fluid solution as
well as solute and species mass stored as adsorbate on the surfaces of solid matrix grains. Solute
concentration, C, and adsorbate concentration, Cy(X,y[,z],t) [Ms/Mg], (where [M;] denotes units
of solute mass, and [Mg] denotes units of solid grain mass), are related through equilibrium
adsorption isotherms. The species mass stored in solution in a particular volume of solid matrix
may change with time due to: ambient water with a different concentration flowing in, well water
injected with a different concentration, changes in the total fluid mass in the block, solute
diffusion or dispersion in or out of the volume, transfer of dissolved species to adsorbed species
(or reverse), or a chemical or biological reaction causing solute production or decay. The species
mass stored as adsorbate on the surface of solid grains in a particular block of solid matrix may
change with time due to a gain of adsorbed species by transfer of solute from the fluid (or
reverse), or a chemical or biological reaction causing adsorbate production or decay.

The separate balances for a single species stored in solution (solute) and on the solid grains
(adsorbate), are expressed, respectively, as follows:
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oleS, pC

S—Wp)z-f—z-as ovC)+V-[eS p(D 1+ D)-VC|+eS pr, +Q.C* (2.29)

( 8t w w m=- = = w w p

o1 - C

M=+f+(l—g)psfs (2.30)

ot

f(x,y[,z].t) [MS/(L3'S)] volumetric adsorbate source (gain of absorbed
species by transfer from fluid per unit total
volume)

D [L%s] apparent molecular diffusivity of solute in
solution in a porous medium including
tortuosity effects, (Dp~1. x 10~ [m?/s]
for NaCl at 20.°C)

I [1] identity tensor (ones on diagonal, zero
elsewhere)

(in 2D, a 2 x 2 matrix of values;
in 3D, a 3 x 3 matrix of values)

D (x,y[,z].t) [L%/s] dispersion tensor
(in 2D, a 2 x 2 matrix of values;

in 3D, a 3 x 3 matrix of values)

Iw(x,y[,z],t) [My/M-s] solute mass source in fluid (per unit fluid
mass) due to production reactions

C*(x,y[,z],t) [My/M] solute concentration of fluid sources (mass
fraction)

Cs(x,y[,z],t) [My/Mg] specific concentration of adsorbate on solid
grains (mass adsorbate/(mass solid grains plus
adsorbate))

Ps Mg/ L ] density of solid grains in solid matrix

I(x,y[,z],t) [My/Mg*s] adsorbate mass source (per unit solid matrix

mass) due to production reactions within
adsorbed material itself.

where [ LY, ] is the volume of solid grains.

Equation (2.29) is the solute mass balance in terms of the dissolved mass fraction (solute
concentration), C. The time derivative expresses the total changes in solute mass with time in a
volume due to the mechanisms represented by terms on the right side of the equation. The term
involving f(X,y[,z],t) represents the loss of solute mass from solution which becomes fixed on the
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solid grain surfaces as adsorbate. The adsorbate source, f, may, in general, depend on solute
concentration, C, adsorbate concentration, Cs, and the rate of change of these concentrations,
depending on either an equilibrium adsorption isotherm or on nonequilibrium adsorption
processes. SUTRA algorithms are structured to directly accept nonequilibrium sorption models
as an addition to the code. However, the current version of SUTRA assumes equilibrium sorption
as shown in the following section, “Adsorption and production/decay processes.”

The term involving fluid velocity, v, represents average advection of solute mass into or out of
the local volume. The term involving molecular diffusivity of solute, Dy, and dispersivity, D,

expresses the contribution of solute diffusion and dispersion to the local changes in solute mass.
The diffusion contribution is based on a true physical process often negligible at the field scale.
The dispersion contribution approximates the effect of solute advection and mixing in irregular
flows, which are not accounted for by solute advected by the average velocity. The solute mass
source term involving I'w(X,y[,z],t), the solute mass production rate per unit mass of fluid,
expresses the contribution to dissolved species mass of chemical, biological or radioactive
reactions in the fluid. The last term accounts for dissolved species mass added by a fluid source
with concentration, o

Equation (2.30) is the balance of mass, which has been adsorbed by solid grain surfaces in terms
of species concentration on the solid (specific adsorbate concentration), C,. The change in total
adsorbate mass is expressed by the time derivative term. It may increase due to species leaving
solution as expressed by adsorbate source term, f. The adsorbed mass may also change due to a
production of adsorbate mass (per unit solid matrix mass), I's by radioactive or chemical
processes within the adsorbate. Note that mass becomes immobile once adsorbed, and is affected
only by possible desorption or chemical and biological processes.

The total mass of a species in a volume is given by the sum of solute mass and adsorbate mass. A
balance of the total mass of a species is obtained by addition of (2.30) and (2.29). The general
form of the total species mass balance used in SUTRA is this:

o(es,pC) , ollt-2)p.C.]
ot ot 2.31)
~V-(eS,pvC)+V-[¢S,p(D, 1+ D)-VC|+ &S, T, +(1-¢)p.T, +Q,C’

Equation (2.31) is the basis for SUTRA solute-transport simulation. In cases of solute transport
where adsorption does not occur (Cs = 0), the adsorbate source term, f, simply has the value zero
(f=0), and the terms that stem from equation (2.30) are ignored. Further discussion of solute and
adsorbate mass balances may be found in Bear (1979).

Adsorption and production/decay processes
The volumetric adsorbate source, f, of (2.29) and (2.30) may be expressed in terms of a specific
sorption rate, f, as:

f=(-¢)p.f (2.32a)

fi(x,y[,z],t) [M¢/Mg-s] specific solute mass adsorption rate
(per unit mass solid matrix)
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A particular nonequilibrium (kinetic) model of sorption is obtained by defining the functional
dependence of the sorption rate, f;, on other parameters of the system. For example, for a linear
reversible nonequilibrium sorption model, the expression is: f; = m;(C — m,Cs), where m; and
my are sorption parameters. This particular model and a number of other nonequilibrium sorption
models are accommodated by a general expression for f;, as follows:

f, EKIZ—f+K2C+K3 (2.32b)
where: K1 = k1(C,Cy), K2 = k2(C,Cy), k3 = K3(C,Cs).
K1(C,Cy) [M/Mg] first general sorption coefficient
K2(C,Cy) [M/Mg-s] second general sorption coefficient
k3(C,Cy) [M¢/Mg-s] third general sorption coefficient

Through a suitable definition of the general coefficients, xi(C,Cs), a number of nonequilibrium
sorption models may be obtained. For example, the linear reversible nonequilibrium model
mentioned above requires the definitions: k; = 0, k; = m;, and k3 = -mm,Cs. The general
coefficients K, K, and k3 are included in the SUTRA code (as CS1, CS2 and CS3, in Subroutine
ADSORB) to provide generality for possible inclusion of such nonequilibrium (kinetic) sorption
models.

The equilibrium sorption models are based on definition of the general coefficients through the
following relation:

oC
=K %C (2.33)

Only general sorption coefficient k; need be defined based on various equilibrium sorption
isotherms as shown in the following. The other coefficients are set to zero: k; = k3 = 0.

The linear equilibrium sorption model is based on the linear sorption isotherm assuming constant
fluid density:

C, =(up,)C (2.34a)
oC oC
s _ ‘- 2.34b
== 0up)Z (2.34b)
where:
e [L3f /Mg] linear distribution coefficient
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and p, is the fluid base density. For linear sorption, general coefficient k; takes on the definition:
K =XiPo (2.34¢)

The Freundlich equilibrium sorption model is based on the following isotherm, which assumes a
constant fluid density, po:

X2
C, =% (p,C) (2.352)
-7, }
oCc, [, X2 oC
s _| X C i 2.35b
- (ij(po ) Pos, (2.35b)
where:

%1 [L3f /Mgl a Freundlich distribution coefficient
A2 [1] Freundlich coefficient

(When y, = 1, the Freundlich isotherm is equivalent to the linear isotherm.) For Freundlich
sorption, then, the general coefficient k; takes the definition:

-7,

X2 X2
K, = (ﬂ] . C (2.35¢)

The Langmuir equilibrium sorption model is based on the following isotherm, which assumes a
constant fluid density, po:

C, = M (2.36a)
1+%,(0,C)
AT 7.2 5 x (2.36b)
ot (1+y,p,C) ot
where:
A1 [L3f /Mgl a Langmuir distribution coefficient
X2 [L3f /Mq] Langmuir coefficient
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For very low solute concentrations, C, Langmuir sorption becomes linear sorption with linear
distribution coefficient ;. For very high solute concentrations, C, the concentration of adsorbate

mass, Cg, approaches an upper limit equal to (,/y,). The general SUTRA coefficient k; is
defined for Langmuir sorption as:

1P,
K o= KiPo (2.36¢)
- (1 xpC)

The production terms for solute, I'y, and adsorbate, I's, allow for first-order mass production (or
decay) such as linear BOD (biochemical oxygen demand) or radioactive decay, biological or
chemical production, and zero-order mass production (or decay).

L, =y C+yg (2.37a)

=7 C+7, (2.37b)
where:

v, [s] first order mass production rate of solute

vy [(My¢/M)/s] zero-order solute mass production rate

i [s] first-order mass production rate of adsorbate

v [(My/Mg)/s] zero-order adsorbate mass production rate

2.5 Dispersion

Pseudotransport mechanism

Dispersion is a pseudo-transport process representing mixing of fluids that actually travel
through the solid matrix at velocities different from the average velocity in two or three spatial
dimensions, v, calculated from Darcy’s law (2.19). Dispersion is a pseudoflux in that it only
represents deviations from an average advective flux of energy or solute mass and as such does
not represent a true mechanism of transport. Should it be possible to represent the true, complex,
nonhomogeneous velocity field in, for example, the layers of an irregularly bedded field system,
then the dispersion process need not be invoked to describe the transport, as the local variations
in advection would provide the true picture of the transport taking place. However, as available
data almost never allow for such a detailed velocity description, an approximate description must
be employed, which helps to account for observed temperatures or concentrations different from
that expected based on the average fluid advection.
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Research trends have been to develop dispersion models for various hydrogeological conditions,
and SUTRA may be updated to include new results as they become available. Currently (2002),
SUTRA dispersion is based on a generalization for anisotropic media of the standard description
for dispersion in isotropic, homogeneous porous media. Because any inconsistencies that may
arise in applying this dispersion model to a particular field situation often would not be apparent
due to the poor quality or small amount of measured data, the user is warned to exercise good
judgment in interpreting results when large amounts of so-called dispersion are required to
explain the field measurements. In any case, the user is advised to consult up-to-date literature on

field-scale dispersion before employing this transport model.

Isotropic-media dispersion model

The dispersion tensor, D, which appears in both the energy (2.28) and solute (2.31) balances, is

usually expressed for flow in systems with isotropic permeability and isotropic spatial
distribution of inhomogeneities in aquifer materials in 2D as

D |:Dxx ny:|
- DyX Dyy

and in 3D as

Dxx Xy Xz
2 =D yX D yy D yz
sz Dzy Dzz

where, in both, 2 is symmetric (i.e., Dy, =Dyx, Dx;=Dsx, and D,,=Dy,).

In 2D, the diagonal elements are
D, =L \d, v +d,v?)
xx V_2 LVx+ TVy
D, =L Jd,v? +d,v?)
yy V_2 TVX+ LVy

and the off-diagonal elements are

1
D,=|— (dL _dT)(ViVj)
v
i#], =Xy
=Xy
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In 3D, the diagonal elements are

1
D, =(V—2 (d,v2+d,v2+dpv?) (2.39d)
D =(i (dyv2 +d,v2 +dyv?) (2.39%)
Yy V2 T"x L'y T"z .
D =(i (dyv2 +dyv2+d,v?) (2.39f)
7z V2 T x T"y Lz .

D; :(sz(dL —d; )(ViVj) (2.39¢)

1#]j, 1=X,y,Z
J=Xy,z

The variables that determine the elements of the dispersion tensor are defined as follows:

v(x,y[,z],t) [L/s] magnitude of velocity v
vx(x,¥[,Z],t) [L/s] magnitude of x-component v
vy(x,y[,z],t) [L/s] magnitude of y-component v
V(X,y,Z,t) [L/s] magnitude of z-component v
dr(xy[,z],t) [L2/s] longitudinal dispersion coefficient
dr(x,y[,z],t) [Lz/s] transverse dispersion coefficient

The longitudinal and transverse dispersion coefficients, d; and dr [LZ/S], are analogous to typical
diffusion coefficients. What is special is that these are directional in nature. The quantity d; acts
as a diffusion coefficient that causes dispersion forward and backward along the local direction
of fluid flow. The quantity dr acts as a diffusion coefficient that causes dispersion symmetrically
in the directions perpendicular to the local flow direction, and is called the transverse dispersion
coefficient. Thus, in 3D, if d and dt were of equal value, a spherical mass of tracer released in
ground water flowing, on the average, uniformly and unidirectionally would disperse in a
perfectly symmetric spherical manner as it moved downstream. Similarly, in 2D, a circular disk
of tracer would disperse in a perfectly symmetric circular manner as it moved downstream.
However, if dp > dr then the tracer would disperse in an ellipsoidal (3D) or elliptical (2D)
manner, with the long axis oriented in the flow direction as it moved downstream.

36



The sizes of the dispersion coefficients in this model for dispersion in isotropic permeability
systems are dependent upon the absolute local magnitude of average velocity in a flowing system
(Bear, 1979):

dr =orv (2.40a)

dr=oarv (2.40b)
oL(x,y[,z]) [L] longitudinal dispersivity of solid matrix
or(x,y[,z]) [L] transverse dispersivity of solid matrix

When the isotropic-media dispersion model is applied to a particular field situation where aquifer
inhomogeneities are much smaller than the field transport scale, then dispersivities oy and ot
may be considered to be fundamental transport properties of the system just as, for example,
permeability is a fundamental property for flow through porous media. In cases where
inhomogeneities are large or scales of transport vary, dispersivities are not a fundamental system
property. In this case, simulated dispersion effects must be interpreted with care, because
dispersivity values are the only means available to represent the dispersive characteristics of a
given system to be simulated when using the SUTRA code.

Anisotropic-media dispersion model — overview

In a system with anisotropic spatial distribution of heterogeneities in aquifer materials, the same
amount of dispersion may not occur for flow in all directions, even when the magnitude of flow
velocity, v, is the same. For example, in a layered aquifer, the amount of dispersion would not
necessarily be the same for flow parallel to the layers and flow perpendicular to the layers.

The isotropic-media dispersion model, described in the previous section, does not account for
this possibility, and its basic parameters, o, and or, are independent of flow direction. A model
for anisotropic media is hypothesized that provides key aspects of expected dispersion behavior.
Although the hypothesized model described below is neither completely general nor rigorous, it
provides a practical means of describing dispersion in anisotropic media.

Dispersive spreading is assumed to occur along a set of mutually perpendicular directions (one of
which is the flow direction) in a symmetric manner (i.e., equal amounts in opposite directions
along each direction), just as in the isotropic case. Following the discussion in the previous
section referring to equations (2.40a) and (2.40b), but in a 2D anisotropic medium, a circular
disk of tracer would become elliptical, with the longest axis in the flow direction, as it moved
downstream, if or > or. However, it may not spread the same way if it moved with the same
speed, v, in a different direction. For example, if o = or (equal amounts of longitudinal and
transverse dispersion) for one flow direction, but op > o (greater longitudinal than transverse
dispersion) for all other flow directions, then the tracer would spread in a circular manner if the
flow occurred in the direction where o = o, but would spread as an ellipse for flow in any
other direction. In such a case, the values of both o and ar would depend on the direction of
flow. Such a medium is considered anisotropic with respect to dispersion.
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X min

X max

X max

(a)

Figure 2.4a. Definition of flow-direction-dependent longitudinal dispersivity, o, (6x,), in 2D. The upper
figure is described in Figure 2.2a. In the lower figure, oy max and o min are the longitudinal dispersivity
for flow in the maximum and minimum directions, respectively. 6y, is the angle from the maximum

permeability direction to the flow direction and o is the longitudinal dispersivity in that flow direction.

38



[

Kmid

Xmax

(b)
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Figure 2.4b,c. Definition of flow-direction-dependent (b) longitudinal dispersivity, oy (0xv1, Okv2), and (c)
transverse dispersivities, ar1(Bkv1, Bkv2) @and or2(Okv1, Bkvz2), in 3D. (For the sake of visual clarity, the
(x,y,z)-coordinate axes are not shown, and the angles 6,4 and 6y, are not labelled.) As in Figure
2.2b, Xmaxs Xmid, @nd Xmin are the principal directions of permeability. In the lower figure, the slicing
ellipse that defines the transverse dispersivities lies in the plane that is perpendicular to the flow
direction, v, and that passes through the center of the ellipsoid. The two transverse dispersivities and
their directions are given by the radii along the major and minor axes of the slicing ellipse.
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In a 3D anisotropic medium, different amounts of transverse dispersion may occur in two
mutually perpendicular directions (the transverse directions), which are both perpendicular to the
flow direction. If the transverse dispersivities for each of these tranverse directions, ar; and o,
are not equal to each other or to oy, then a sphere of tracer would spread in an ellipsoidal shape
with three unequal axes as it moved downstream. To further complicate the process in 3D,
although the transverse directions are both perpendicular to the flow direction and to each other,
their direction may be rotated at any angle about the flow direction. Their direction is here
assumed to be a function of the flow direction and the principal permeability directions of the
medium. Thus, the orientation of the ellipse that represents the transverse cross section of the
tracer ellipsoid is also a function of the flow direction and principal permeability directions of
the medium.

Dispersion in 2D and 3D anisotropic media is described in SUTRA by ad-hoc models that allow
dispersivity values to change as a function of flow direction relative to the principal permeability
directions of the medium. The model in 2D is based on selecting dispersivities, o and ar, as
functions of flow direction from two ‘dispersivity ellipses’. The 3D model is based on selection
of o, from one ‘dispersivity ellipsoid’, and the two transverse dispersivity values, ar; and ara,
and their associated directions from another ‘dispersivity ellipsoid’, all as a function of flow
direction. These models are described below.

Anisotropic-media dispersion model — details

In an anisotropic medium, the 2D and 3D dispersion tensors take the form (2.38a,b), and they are
assumed symmetric, as for an isotropic medium. In 2D, the tensor has two mutually
perpendicular principal directions of dispersion, about which dispersion is symmetric; an initially
circular mass of tracer will disperse in an elliptical manner, with the axes of the ellipse falling
along the principal dispersion directions. In 3D, the tensor has three mutually perpendicular
principal directions of dispersion, about which dispersion is symmetric; an initially spherical
mass of tracer will disperse in an ellipsoidal manner, with the axes of the ellipsoid falling along
the principal dispersion directions. As a rule, the principal dispersion directions are not the same
as the principal directions of permeability; the former directions can depend on the flow
direction, whereas the latter do not.

The principal directions of the 2D dispersion tensor are denoted here by the unit vectors V and
U. In 3D, a third direction is added and is denoted by the unit vector W. The dispersion
coefficients that correspond to V, U, and W are d;, dr; (called simply dt in 2D), and dr»,
respectively. The diagonal elements of the 2D dispersion tensor are
D, =d, V] +d,U: (2.41a)
D, =d,V; +d,U; (2.41b)

and the off-diagonal elements are
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D; :dLViVj +dTUiUj (2.41¢)
1#], =X,y
=Xy

In 3D, the diagonal elements are

D =d,V}+d Ul +d W’ (2.41d)
D, =d, V] +d, U] +d, W, (2.41e)
D, =d,V}+d,U+d,W’ (2.419)

and the off-diagonal elements are

D;=d, ViV, +d U, U; +d, W W, (2.41g)
iij, iZX,y,Z
J=Xy,z

To complete the dispersion model, it must be stated how the principal directions of dispersion, V,
U, [and W], and their corresponding dispersion coefficients, di, dr;, [and dr,], vary with flow
direction. For SUTRA, an ad-hoc model is postulated in which one principal direction coincides
with the flow direction (as it does for an isotropic medium), that is, V=v/v. Thus, V points in the
longitudinal direction, and d; becomes the longitudinal dispersion coefficient. (Note that this is
only a simplifying assumption. In general, the principal directions of dispersion are not
necessarily parallel to and perpendicular to the flow direction.) In 2D, the vector U is transverse
to the flow, dr becomes the transverse dispersion coefficient, and equations (2.41a-c) reduce to
the isotropic form (2.39a-c), except that d; and dt are now functions of flow direction. In 3D,
the vectors U and W are both transverse to the flow, and dr; and dt» become the two transverse
dispersion coefficients. As in the isotropic-media dispersion model, dispersion coefficients are
obtained by multiplying dispersivities by the magnitude of the flow velocity:

dL = oLV (2423)
dTl = oT1Vv [dT = TV n 2D] (242b)
de = 012V (2420)

In the 2D SUTRA dispersion model, the longitudinal and transverse dispersivities, o and o, are
determined by the radii of two ellipses whose axes are assumed to be aligned with the maximum
and minimum permeability directions. The procedure is illustrated for o in Figure 2.4a. The
semi-major and semi-minor axes of the ellipse are of length (OLLmaX)l/ 2 and (ochin)l/ 2, respectively.
The radius of the ellipse along the flow direction, V, is then (ocL)l/ 2. The transverse dispersivity,
o, 1s determined by computing the radius along the transverse direction, U, of an ellipse with
semi-major and semi-minor axes of length (OLTmaX)l/z and (ochin)l/z, respectively. Note that this
convention differs from the one used in versions of SUTRA prior to version 2D3D.1 (Voss,
1984); formerly, ar was determined by computing the radius along the flow direction. This
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change makes the 2D dispersion model consistent with the 3D model discussed below. Note
also that the subscripts “max” and “min” refer only to the maximum and minimum permeability
directions. These are not intended to imply the relation in magnitude of ot max and dlpmin (the
longitudinal dispersivities for flow in the max and min permeability directions, respectively), nor
of Olrmax and Oltmin (the transverse dispersivities for flow in the max and min permeability
directions, respectively).

Let (X,¥) represent 2D coordinates aligned with the max and min permeability directions, that is,

(X, §) =(Xmax, Xmin). If V and U represent the vectors V and U, respectively, expressed in (X, §) -
coordinates, then in 2D the longitudinal dispersivity is given by

Iy

1 V2 V> cos’0,. sin’0
—_—=x 47 = AN kv (2.43a)
a L a Lmax a Lmin a Lmax a Lmin
or
oy, O .
aL — : Lmax ™" Lmin — (243b)
a Lmin Cos e kv +a Lmax Sin e kv
where
OLmax(X,Y) [L] squared radius of the longitudinal dispersivity
ellipse in the maximum permeability
direction, Xmax,
OLmin(X,Y) [L] squared radius of the longitudinal dispersivity
ellipse in the minimum permeability direction,
Xmin,
Okv(X,Y,t) [L] angle from maximum permeability direction,

Xmax, 10 the flow direction, V=v/v.

The transverse dispersivity in 2D is given by

. 712 ) 2
1 U: U; sin®0,, cos’0

LI S ke | kv (2.44a)

a T a Tmax a Tmin o Tmax a Tmin
or

(03 [0
aT — — Tmax ™" Tmin 5 (244b)
aTminSIH ekv + aTmaxCOS ekv

where
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OTmax(X,Y) [L] squared radius of the transverse dispersivity
ellipse in the maximum permeability
direction, Xmax,

O Tmin(X,Y) [L] squared radius of the transverse dispersivity

ellipse in the minimum permeability direction,

Xmin-

This form of longitudinal dispersivity dependence on direction of flow relative to the principal
permeability directions is similar to that obtained for a transversely isotropic medium in a
stochastic analysis of macrodispersion by Gelhar and Axness (1983). For 2D flow along the
principal permeability directions, the longitudinal and transverse dispersivities take the following
values:

2D flow longitudinal | transverse

direction | dispersivity | dispersivity
Xmax OlLmax Ol Tmin
Xmin OlLmin Ol Tmax

In the 3D SUTRA dispersion model, which is a generalization of the 2D model, the longitudinal
dispersivity, a;, is determined by the radius of an ellipsoid whose axes are assumed to be aligned
with the max, mid, and min permeability directions. The procedure for oy is illustrated in Figure
2.4b. The transverse dispersivities, arr; and ar,, are determined using a second ellipsoid that is
distinct from the one used to compute o, but whose axes are also assumed to be aligned with the
max, mid, and min permeability directions. The values of oir; and o, are derived from the
principal radii of the ellipse (hereafter called the “slicing ellipse”) formed by the intersection of
the ellipsoid with the plane that is normal to the flow direction and passes through the center of
the ellipsoid. The procedure for ar; and oy is illustrated in Figure 2.4c. The semi-axes of the
transverse dispersivity ellipsoid in the max, mid, and min permeability directions are of length
(ochax)l/ 2, (ochid)l/ 2, and (ochin)l/ 2, respectively. The principal radii of the slicing ellipse are then
(om)l/2 and (ocTz)m. Note also that the subscripts “max,” “mid,” and “min” refer only to the
maximum, middle, and minimum permeability directions. These are not intended to imply the
relation in magnitude of olpmax, OlLmid, and oL min (the longitudinal dispersivities for flow in the
max, mid, and min permeability directions, respectively), nor of dtrmax, Otmid, and Olrmin (the
transverse dispersivities for flow in the max, mid, and min permeability directions, respectively).

Let (X,¥,2) represent 3D coordinates aligned with the max, mid, and min permeability
directions, that is, (X,¥,Z) =(Xmax, Xmid> Xmin)- 1f Y , Q , and ﬂ represent the vectors V, U, and
W, respectively, expressed in (X,¥,Zz)-coordinates, then in 3D the longitudinal dispersivity is
given by
s 2
1 N N _ L s 0.
aL aLmax

oo 0 Lok
X y zZ cos kvl COSzekvz + - Slnzesz (2'45a)
Ol f nax Oy i Lmin

a Lmid a Lmin

or
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(0 (o}

Lmax

Lmid o Lmin

o, =

where
OLmax(X,Y) [L]
OLmid(X,Y) [L]
OLmin(X,Y) [L]
Ov1(x,y,t) [L]
Ova(x,y,t) [L]

The transverse dispersivities in 3D are given by

TR OE-S VR §

= + + ,

a T1 a Tmax a Tmid o Tmin

272 172 272
L — W)Z + WS’ + Wi
U“TZ aTmax U“Tmid U“Tmin

where

OCTmax(XoY) [L]
OTmid(X,Y) [L]
OCTmin(X,Y) [L]
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(X‘Lmin (U“LmidCOS 9kvl + 0“LmaxSln ekvl )QOS ekv2 + aLmaxaLmidSIH ekv2

, (2.45b)

squared radius of the longitudinal dispersivity
ellipsoid in the maximum permeability
direction, Xmax,

squared radius of the longitudinal dispersivity
ellipsoid in the middle permeability direction,

Xmids

squared radius of the longitudinal dispersivity
ellipsoid in the minimum permeability
direction, Xmin,

angle from maximum permeability direction,
Xmax, 10 the flow direction, V=v/v, measured
within the (Xmax , Xmid)-plane,

angle upward from the (Xmax , Xmid)-plane to
the flow direction, V=v/v.

(2.46a)

(2.46b)

squared radius of the transverse dispersivity
ellipsoid in the maximum permeability
direction, Xmax,

squared radius of the transverse dispersivity
ellipsoid in the middle permeability direction,

Xmids

squared radius of the transverse dispersivity
ellipsoid in the minimum permeability
direction, Xmin.



The geometric construction that determines or; and ot and their corresponding eigenvectors Q

and W (namely, the ellipse formed by the intersection of a plane with an ellipsoid) is analogous
to that which determines indices of refraction and directions of vibration in the optics of biaxial
crystals. Taking advantage of this analogy, SUTRA uses the Biot-Fresnel construction to
compute Q and ﬂ and, in turn, ar; and ara. The procedure is described in texts on optical
mineralogy (see, for example, Nesse (1986)) and is not described here except to note that the unit
flow vector, Y , 1s analogous to the wave normal; the other two eigenvectors, Q and ﬂ, are
analogous to the two vibration directions; the flow directions for which ar=ar; are analogous to
the optic axes; (ochax)l/ 2, (ochid)l/ 2, and (oaTmin)l/ 2 are analogous to the principal indices of

refraction; and (Om)l/2 and (OcTz)l/2 are analogous to the indices of refraction corresponding to the
vibration directions.

For 3D flow along the principal permeability directions, the longitudinal and transverse
dispersivities take the following values:

3D flow longitudinal transverse
direction dispersivity | dispersivities

Xmax OlLmax OlTmids O'Tmin
Xmid O Lmid XTmax, CTmin
Xmin OlLmin OlTmaxs OTmid

Guidelines for applying dispersion model

Some informal guidelines may be given concerning values of dispersivities when other data are
not available. Longitudinal dispersivities may be considered to either be on the order of the size
of the largest hydrogeologic or flow inhomogeneities along the transport reach, or the distance
between inhomogeneities, whichever is the greater value. For transport in pure homogeneous
sand, longitudinal dispersivity is on the order of grain size. This is the type of situation where the
isotropic-media dispersion model describes well the observed transport behavior. In the case of a
sandy aquifer containing well-distributed inclusions of less permeable material, the longitudinal
dispersivity required to correct an average advective transport that has passed by many of the
inclusions would be on the order of the larger of either inclusion size or distance between
inclusions.

Should the dispersivity, estimated on the basis of the size of inhomogeneities or distance
between them, be greater than about one tenth of the longest transport reach, then the meaningful
use of a constant-dispersivity dispersion model must be questioned. In such a case, the ideal
action to take would be to more explicitly define the field distribution of velocity by taking into
account the actual geometry of inhomogeneities. This would correctly account for most of the
transport that takes place as advective in nature, with much smaller contributions of the
approximate dispersive process. Given a better-defined velocity field, and in the absence of other
data, dispersivity should then be chosen based on the largest postulated inhomogeneities met
along a given average stream tube. The size and distribution of inhomogeneities not explicitly
taken into account by the average flow field may be postulated based on the best available
knowledge of local geology.
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Transverse dispersivity, o, is typically even less well known for field problems than
longitudinal dispersivity. Values of or used in simulation are typically between one tenth and
one third of a. In systems with anisotropic permeability, arr may be less than one hundredth of
oy for flows along the maximum permeability direction (Gelhar and Axness, 1983). Should
simulated transport in a particular situation be sensitive to the value of transverse dispersivity,
further data collection is necessary and the transport model must be interpreted with great care.

The ad-hoc models for longitudinal dispersion in anisotropic media presented in the previous
sections allow for simulation experiments with two or three principal longitudinal dispersivities
that may be of special interest in systems with well-defined anisotropy values. Depending on the
particular geometry of layers or inhomogeneities causing the permeability anisotropy, the
longitudinal dispersivity in the minimum permeability direction, amin, may be either greater or
smaller than those in the middle and maximum permeability directions, ot mig and Ol max.
However, use of the anisotropic-media dispersion model is advised only when clearly required
by field data, and the additional longitudinal dispersion parameters are not intended for general
application without evaluation of their applicability in each particular case. Another use of the
ad-hoc model is in the case of 2D cross sectional or 3D simulation wherein the lateral extent of
the system is much greater than the vertical extent. In this case, lateral flow and transport may be
affected by heterogeneities similar in size to the lateral scale, and vertical flow and transport may
be affected by heterogeneities similar in size to the much smaller vertical scale. Here, it makes
sense to employ the ad-hoc model to assign different longitudinal dispersivities for lateral and
vertical flow.

2.6 Unified Description of Energy and Solute Transport

Unified energy-solute balance

The saturated-unsaturated ground-water energy balance (2.28) is simply an accounting of energy
fluxes, sources and sinks which keeps track of how the energy per unit volume of solid matrix
plus fluid, [eSypcw + (I-€)pscs] T, changes with time at each point in space. The saturated-
unsaturated ground-water balance of solute plus adsorbate mass, (2.31), is similarly an
accounting of solute and adsorbate fluxes, sources and sinks, which keeps track of how the
species mass (solute plus adsorbate mass) per unit volume of solid matrix plus fluid,

(eSwpC + (I-€)psCs), changes with time at each point in space. Both balances, therefore, track a
particular quantity per unit volume of solid matrix plus fluid.

The fluxes of energy and solute mass in solution, moreover, are caused by similar mechanisms.
Both quantities undergo advection based on average flow velocity, v. Both quantities undergo
dispersion. Both quantities undergo diffusion; the diffusive solute mass flux is caused by
molecular or ionic diffusion within the fluid, while the diffusive energy flux occurs by thermal
conduction through both fluid and solid. Fluid sources and sinks give rise to similar sources and
sinks of energy and solute mass. Energy and species mass may both be produced by zero-order
processes, wherein energy may be produced by an exothermic reaction and solute may be
produced, for example, by a biological process. The linear adsorption process affecting solutes is
similar to the storage of energy in solid portion of an aquifer. Only the nonlinear sorption
processes and first-order production of solute and adsorbate have no readily apparent analogy in
terms of energy.
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Thus, the balances of energy per unit volume, (2.28), and total species mass per unit volume,
(2.31), may be expressed in a single unified balance in terms of a variable, U(x,y,t), which may
represent either T(x,y,t) or C(x,y,t), as follows:

0 0
el “0 =
~ (eS.pe, U)+—[1-€)p,U.]
+z-(sswpcwyU)—y~{pcw[asw(cwl+2)+(l—s)csl]‘ZU} (2.47)
=Q,c, U +&S pl', +(1 —e)pSF
where:

for energy transport

U=T, U,=c¢T, U'=T", o,=—, o,=—
pc,, pc,, (2.47a)

for solute transport
u=C, U,=C, U'=C, o,=D,_,, o,=0, c =1 (2.47b)
where C; is defined by (2.34a), (2.35a) or (2.36a), depending on the isotherm.

By simple redefinition according to (2.47a) or (2.47b), equation (2.47) directly becomes the
energy or species mass balance. This redefinition is automatically carried out by SUTRA as a
result of whether the user specifies energy or solute-transport simulation.

Fluid-mass-conservative energy-solute balance

A further consideration is required before obtaining the form of the unified energy/solute balance
as implemented in SUTRA. The amount of energy or solute per unit combined matrix-fluid
volume may change either due to a change in the total fluid mass in the volume even when
concentration and temperature remain constant (see relation (2.10)). Such a change in fluid mass
may be caused by changes in fluid saturation, or by pressure changes affecting compressive
storage.

The energy and solute balances as well as their unified form, (2.47), track both types of
contributions to changes in total stored energy or solute mass. However, the fluid saturation and
pressure change contribution to energy and solute balances are already implicitly accounted for
by the fluid mass balance.

The fluid mass balance contribution to solute and energy balances is expressed by the product of
the fluid mass balance, equation (2.22) (which tracks changes in fluid mass per unit volume),
with c,,U (which represents either energy or solute mass per unit fluid mass). Note that c,=1 for
solute transport. This product tracks energy or solute mass changes per unit volume due to fluid
mass changes per unit volume:

47



o(eS,p)

0.0

+(c,U)V-(S,pv)=(c,U)Q, (2.48)

where the solute mass source, Y, is neglected. Comparison of (2.48) with (2.47) will reveal that
the terms on the left of (2.48) also appear in the unified balance equation.

Prior to substituting (2.48) for the duplicate terms in (2.47), the search for redundant terms may

be extended to a balance of species mass or energy stored in the solid matrix, rather than in the
fluid. A simple mass balance for the solid matrix is:

Zl0-e)p,J+ v-[1-2)p,v.]=0 (2.49)

Vs [L/s] net solid matrix velocity

Due to the assumption that the net solid matrix velocity, vs, is negligible, the associated term of
(2.49) is dropped. The contribution of this simple solid matrix mass balance to the unified solute-
energy balance may again be obtained by taking the product of (2.49) with Us:

GRS (BN (2.50)

A comparison reveals that this term also appears in (2.47).

The redundant information in the unified energy-solute balance which keeps track of both solid

matrix and fluid mass balance contributions may be directly removed from (2.47) by subtracting
(2.48) and (2.50). The result is:

Jes, (o, 1+ D) (1-¢)o,1]-vU]} 2.51)

= QpcW (U U)+ eS pl, + (1 - 8)
where:

for energy transport

U=T, U,=c¢T, U'=T", o, =— o, =— r,=y), T, =y (251la)

for solute transport
u=C, U,=C, U'=C’, o,=D,, o,=0, c, =1 (2.51b)
where C; is defined by (2.34a), (2.35a) or (2.36a), depending on isotherm.

It is assumed in equation (2.51) that ¢, and ¢, are not time-dependent.
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For numerical simulation, this equation may be termed a “fluid-mass conservative” form of the
energy or species mass balance. When approximated numerically, the unified balance in the
original form, (2.47), would contain approximation errors in both the fluid mass balance
contributions (based on pressure and saturation changes) and the temperature or concentration
change contribution. However, in the revised form, equation (2.51), the complete fluid mass
balance contribution has already been analytically accounted for before any numerical
approximation takes place. Thus, the total approximation error for the unified balance, (2.51), is
significantly less as it is due to the temperature or concentration change contribution only.

The unified energy-species mass balance is brought to its final form by noticing that the form of
the term, 0 Uy/ 0't, for energy transport, is the same as that for solute transport when using the

equilibrium sorption relation (2.33), and that the form of the energy production terms is similar
to that of relations (2.37a) and (2.37b) for the mass production process:

+eS,pc, v-YU-V-{pc, [eS, (6,1+D)+(1-¢) o, 1] VU} (2.52)
= QPCW(U* - U)+ eS,py; U+ (1 - s)psnys +&S_ py.r + (1 —g)psyf,
where:

for energy transport

U=T, U =T, o,=—>, o,=——, v,/ =y;=0 (2.52a)

for solute transport
u=C, U,=C, U'=C’, o,=D,, o0,=0, c,=x,, c, =1 (2.52b)

where C; is defined by (2.34a), (2.35a) or (2.36a), and k; is defined by (2.34c¢), (2.35¢) or
(2.36¢), depending on the isotherm.

The fluid-mass-conservative form of the unified energy-species mass balance, (2.52), is exactly
that which is implemented in SUTRA.

49






Chapter 3: Fundamentals of Numerical Algorithms

SUTRA methodology is complex because: (1) density-dependent flow and transport requires two
interconnected simulation models, (2) fluid properties are dependent on local values of
temperature or concentration, (3) geometry of a field area and distributions of hydrogeologic
parameters may be complex, and (4) hydrologic stresses on the system may be distributed in
space and change with time. Furthermore, a tremendous amount of data must be evaluated by
SUTRA with precision. This requires great computational effort, and considerable numerical
intricacy is required to minimize this effort. The mathematically elegant finite-element and
integrated-finite-difference hybrid method employed by SUTRA allows great numerical
flexibility in describing processes and characteristics of flow and transport in hydrologic field
systems. However, unlike simulation models based purely on the method of finite differences,
the numerical aspects of which allow straightforward interpretation at an intuitive level, some
finite-element aspects of SUTRA methodology require interpretation at a less physical level and
from a more mathematical point of view.

The following description of SUTRA numerical methods uses a simplified, constant-density
water-table aquifer case in 2D as an illustrative example. While precise mathematically, this
example is not used to demonstrate an actual application of SUTRA, as SUTRA, in fact, does not
simulate a moving water table. The example is only used as a device through which to explain
the theory and use of the primary numerical methods employed in SUTRA, and the water table is
invoked to allow discussion of a simple nonlinearity. The basic methods, which are only
demonstrated here, are applied in detail in Chapter 4, “Numerical Methods,” to the SUTRA fluid
mass balance and unified energy-species mass balance.

The water-table aquifer fluid mass balance equation is useful for demonstration of basic
numerical methods employed on SUTRA governing equations, because it displays some of the

salient aspects of the SUTRA equations: a time derivative, a nonlinear term involving space-
derivatives, and a source term. The simplified fluid mass balance equation is as follows:

So%—z-(KZhFQ* 3.1)

where Q" = (Qy/p)
and

So(x,y) [Lfl] specific storativity

h(x,y,t) [L] hydraulic head (sum of pressure head and
elevation head)

K(x,y) [L/s] hydraulic conductivity (assumed for this
example to be isotropic)
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Q*(x,y) [s7] volumetric fluid source (volume fluid injected
per time / volume aquifer) (assumed constant
for this example)

Qp(x,y) [M/(L*:s)] fluid mass source (mass fluid injected per
time / volume aquifer) (assumed constant for
this example)

p [M/L’] fluid density (assumed constant for this
example)

This equation, (3.1), is obtained from the SUTRA fluid mass balance, (2.24), by assuming
saturated conditions, constant concentration and temperature, constant fluid density, and using

the definition of hydraulic conductivity, K= (kp ‘ g‘ )/p, where ‘ g‘ is the acceleration of gravity,
and of hydraulic head, h=h, + ELEVATION, where pressure head, h,=p/(p ‘g‘ ). For clarity,

hydraulic conductivity is assumed isotropic in this example. While (3.1) may be considered a
fully 3D mass balance equation, it is assumed that flow takes place only areally in a water-table
aquifer with a fixed impermeable base (at z-position, BASE(X,y)), and a moveable free surface
(at z-position, h(x,y,t)). The z-direction is oriented vertically upward and the fluid is assumed to
be in vertical hydrostatic equilibrium at any (x,y) position (no vertical flow). Aquifer thickness,
B(x,y,t) [L], is measured as the distance along z from the free surface to the aquifer base, and
may change with time. Aquifer transmissivity, 7(x,y,t), is given by:

T=KB=K(h-BASE) (3.2)
T(x,y,t) [L%/s] aquifer transmissivity
B(x,y,t) [L] aquifer thickness
BASE(x,y) [L] elevation of aquifer base

The above assumption, in effect, makes (3.1) a 2D mass balance equation that is applied to an
aquifer of finite thickness. The 2D form of (3.1) describing an areal fluid mass balance for water-
table aquifers in terms of a head-dependent transmissivity arises during the basic numerical
analysis of (3.1) in section 3.3, “Integration of Governing Equation in Space.”
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(a)

3D element

(b)

Figures 3.1a,b. (a) Two-dimensional finite-element mesh and quadrilateral element. (b) Three-
dimensional vertically-aligned finite-element mesh and vertically-aligned generalized hexahedral
element. In the lower figure, the z-direction is vertical and element edges in the vertical direction are
aligned with the z-coordinate direction. External and internal surfaces of the mesh need not be
planar.
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3D element

Figure 3.1c. Three-dimensional non-aligned finite-element mesh and non-aligned generalized
hexahedral element. In general, the z-direction need not be vertical or aligned with the mesh, and the
element edges need not be aligned with any coordinate direction. External and internal surfaces of
the mesh need not be planar.

3.1 Spatial Discretization by Finite Elements

Regardless of whether SUTRA is applied as a 2D or 3D model, the region of space in which
flow and transport are to be simulated is defined in three space dimensions. For 2D simulation,
the 3D bounded volume of an aquifer that is to be simulated by SUTRA is completely divided up
into a single layer of contiguous blocks. For 3D simulation, the 3D bounded volume of an
aquifer that is to be simulated by SUTRA is completely divided up into a set of contiguous
blocks, which are organized in layers. The blocks are called “finite elements.” The subdivision is
not done simply in a manner that creates one block (element) for each portion of the aquifer
system that has unique hydrogeological characteristics. Each hydrogeologic unit is in fact
divided into many elements, giving the subdivided aquifer region the appearance of a fine mesh.
Thus, subdivision of the aquifer region to be simulated into blocks is referred to as “creating the
finite-element mesh”.

The basic building block of a finite-element mesh is a finite element. The type of element
employed by SUTRA for 2D simulation is a quadrilateral that has a finite thickness in the third
space dimension. This type of a quadrilateral element and a typical 2D mesh are shown in Figure
3.1a.

All twelve edges of the 2D quadrilateral element are perfectly straight. Four of these edges are
parallel to the z-coordinate direction. The x-y plane (which contains the two coordinate
directions of interest) bisects each of the edges parallel to z, so that the top and bottom surfaces
of the element are mirror images of each other reflected about the central x-y plane in the
element. The midpoint of each z-edge (the point where the x-y plane intersects) is referred to as a
nodal point (or node). Thus, the element has a 3D shape, but always has only four nodes, each of
which in fact, represents the entire z-edge on which it is located. The nodes mark the fact that, in
this type of element, some aquifer parameters may be assigned a different value at each z-edge of
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the element. The lack of nodes outside of the x-y plane is what makes this element 2D; while
some aquifer parameters may vary in value from node to node (i.e., from z-edge to z-edge), no
parameters may be assigned varying values in the z-direction.

Within a 2D finite-element mesh there is only a single layer of elements, the nodes of which lie
in the x-y plane. Nodal points are always shared by the elements adjoining the node. Only nodes
at external corners of the mesh are not contained in more than one element. The top and bottom
surfaces are at every (x,y) point equidistant from the x-y plane, but the thickness of the mesh,
measured in the z-direction, may vary smoothly from point to point.

When projected on the x-y plane, as in Figure 3.1a, a 2D finite-element mesh composed of the
type of elements used by SUTRA appears as a mesh of contiguous quadrilaterals with nodes at
the corners; hence, the term, “quadrilateral element”. Although the mesh in Figure 3.1a is
regularly connected (four elements attached to each internal node), 2D meshes may have
irregular connections; in other words, any number of elements may be connected to a given
node.

The type of element employed by SUTRA for 3D simulation is a generalized hexahedron. This
type of hexahedral element and a typical 3D meshes are shown in Figure 3.1b and Figure 3.1c.

All twelve edges of the 3D generalized hexahedral element are perfectly straight, although the
six faces of the element need not be planar. The 3D SUTRA element differs from the 2D element
in that none of the edges of the 3D element need be parallel to the z-coordinate direction, and the
geometry of the 3D element is defined by eight (instead of four) nodes, each of which represents
the intersection of three edges (i.e., a corner of the element).

Unlike a 2D mesh, a 3D SUTRA finite-element mesh is not restricted to a single layer of
elements, nor do the nodes of a 3D mesh need to align in any way with the x-, y-, and z-
coordinate directions. However, the 3D mesh must be logically rectangular; it must be possible
(hypothetically) to reposition the nodes to form a regular mesh of cube-shaped elements without
adding or deleting any connections between nodes. In other words, although the geometry of the
mesh may be irregular, the nodes must be logically connected in the same manner as in a regular
mesh. A 3D, logically rectangular mesh can be thought of as consisting of rows, columns, and
layers of elements, with each row, column, and layer containing its full complement of elements.
The 3D SUTRA mesh illustrated in Figure 3.1b is logically rectangular and vertically aligned,
this mesh is an extrusion in the z-direction of the 2D mesh that makes up the top surface. The 3D
SUTRA mesh illustrated in Figure 3.1c is logically rectangular and non-aligned in the vertical
direction.
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3.2 Representation of Coefficients in Space

Aquifer parameters and coefficients that vary from point to point in an aquifer, such as specific
storativity, S,, and hydraulic conductivity, K, are represented in an approximate way in SUTRA.
Parameters are either assigned a particular constant value in each element of a finite-element
mesh (elementwise), or are assigned a particular value at each node in the mesh in two possible
ways (nodewise or cellwise). Descriptions of elementwise, nodewise, and cellwise discretization
are given for the 2D example that follows, based on (3.1). The discretization procedures in 3D
are analogous to those in 2D.

In the water-table aquifer, for a simple example, a regular 2D mesh is used. The step-like
appearance of elementwise assignment of K values over this simple mesh is shown in Figure 3.2.
Nodewise assignment for head over this mesh results in a continuous surface of h values as
shown in Figure 3.3, with linear change in value between adjoining nodes along (projected)
element edges. Cellwise assignment is employed for specific storativity, S,, and the time
derivative, oh/ot. This results in a step-like appearance of the assigned values over the mesh
similar to that of elementwise assignment in Figure 3.2, but each cell is centered on a node, not
on an element. Cell boundaries are half way between opposite sides of an element and are shown

for the regular mesh in Figure 3.4. Thus the spatial distributions of parameters, K, h and S, are
discretized (i.e., assigned discrete values) in three different ways: K, elementwise, h, nodewise,

and S, cellwise.

Figure 3.2. Elementwise discretization of coefficient K(x,y). K is the value of K in element L.
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hix,y)

Figure 3.4. Cells, elements and nodes for a two-dimensional finite-element mesh composed of
quadrilateral elements. Dashed lines connect the midpoints along the element sides.

Because the internal program logic depends on the type of discretization, SUTRA expects
particular parameters or equation terms to be discretized elementwise, nodewise, or cellwise. The
primary dependent variables of the SUTRA code, p, and T or C, (in this example case, only
hydraulic head, h), are expressed nodewise when used in terms that calculate fluxes of fluid
mass, solute mass or energy.
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Elementwise discretization

The equation that gives the values, over the finite element mesh, of an elementwise parameter,
may be expressed for the hydraulic conductivity of the present 2D example as:

NE

K(x,y)= Y K, (x,y) (3.3)

L=1

where the elements have been numbered from one to NE (total number of elements in the mesh),
and Ky (x,y) [L/s] has the value of hydraulic conductivity of element L for (x,y) coordinates
within the element, and a value of zero outside the element. Thus Ky (x,y) is the flat-topped
“box” standing on an element L, in Figure 3.2, and K(x,y) is represented in a discrete
approximate way by the sum of all the “boxes”. Note that K;(X,y) has the same value throughout
each 2D element from the top to the bottom.

Nodewise discretization

The equation that gives the values, over the finite-element mesh, of a nodewise value, may be
expressed for the 2D mesh as:

NN

h(x,y.t)~ 2 hi(t) ¢,(x.y) (3.4)

where the nodes have been numbered from one to NN (total number of nodes in the mesh). There
are NN coefficients, hj(t), each of which is assigned the value of head at the coordinates (x;,y;) of
node number j. These nodal head values may change with time to represent transient responses
of the system. The function ¢;(x,y) is known as the “basis function”. It is the basis functions that
spread values of head between the nodes when head is defined only at the nodal points by values
of h. There is one basis function ¢;(x,y) defined for each node, j, of the NN nodes in the mesh.
Suffice it to say, at this point, that at the node j, to which it belongs, the basis funtion ¢;(x,y) has
a value of one. At all other nodes 1, i# j, in the mesh, it has a value of zero. It drops linearly in
value from one to zero along each projected element edge to which the node j is connected. This
means that even when all the NN products of h; and ¢;(x,y) are summed (as in relation (3.4)), if
the sum is evaluated at the coordinates (X;,y;) of node j, then h(x,y) exactly takes on the assigned
value, h;. This is because the basis function belonging to node j has a value of one at node j, and
all other basis functions belonging to other nodes, 1, 1# j, have a value zero at node j, thereby
dropping them from the summation in (3.4). Basis functions are described mathematically in
section 4.1, “Basis and Weighting Functions.”

Cellwise discretization

The equation that gives the values, over the finite-element mesh, of a cellwise parameter may be
expressed for the specific storativity of the present 2D example as:

NN

S,(x,y)= D" Si(x,y) (3.5)

i=1
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where Si(x,y) has the value of specific storativity of the cell centered on node 1 for (X,y)
coordinates within the cell, and a value of zero outside the cell. Thus, Si(x,y) is a flat-topped
“box” standing on a cell 1 in Figure 3.4, and S,(X,y) is represented in a discrete, approximate way
by the sum of all the “boxes.” Note Si(x,y) has the same value in the z-direction from the top to
bottom of each 2D element.

Reviewing the example problem, K is assigned elementwise and both S, and oh/ct are assigned
cellwise. Hydraulic head, h(x,y,t), and element thickness, B(x,y,t), measured in the z-direction,
are both discretized nodewise, with the nodewise expansion for thickness:

NN

B(x,y)~ ) Bi(t) ¢:(x.y) (3.6)

i=1

The values B;(t) are the NN particular values of element thickness at the nodes, and these values
may change with time in the present water-table example. Relation (3.6) should call to mind a
vision of discretized values of thickness represented by a surface similar to that of Figure 3.3.
The head surface of Figure 3.3 may stretch or shrink to move up or down as the head values at
nodes, hj(t), change with time due to stresses on the aquifer system. The nodewise discretized
surface may be viewed as the water table, and the element thickness, at any point (X,y), as the
thickness of the water-table aquifer.

3.3 Integration of Governing Equation in Space

Approximate governing equation and weighted residuals method

The governing equation for the water-table example may be written in operator form as:

O(h)=SO%ItI—Y-(KYh)—Q* =0 (3.7)

Certain variables in this equation are approximated through elementwise and nodewise
discretization. Particular terms of the equation are approximated through cellwise discretization.
The result is that neither the derivatives, nor the variables are described exactly. Relation (3.7) no
longer exactly equals zero:

((O(h))) = R(x,y,1) (3.8)

Where <<O(h)>> is the result of approximating the terms of the equation and the variables, and

R(x,y,t) is the residual value of the approximated equation. When simulating a system with a
numerical model based on approximation of the governing equation, <<O(h)>> , the residual, R,

must be kept small everywhere in the simulated region and for the entire time of simulation in
order to accurately reproduce the physical behavior predicted by the exact governing equation,
(3.7).
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In order to achieve a minimum error, a method of weighted residuals is applied to (3.8). The
purpose of the method of weighted residuals is to minimize the error of approximation in
particular subregions of the spatial domain to be simulated. This is done by forcing a weighted
average of the residual to be zero over the subregions. This idea is the most abstract of those
required to understand SUTRA methodology. The Galerkin method of weighted residuals
chooses to use the “basis function”, ¢i(x,y), mentioned in the previous section, as the weighting
function for calculation of the average residual:

[((0h) ¢,(x.y) dV =[R(x,y,1)¢;(x,y) dV=0  i=1,NN (3.9)

v

where V is the volume of the region to be modeled. The model volume is completely filled by a
single layer of quadrilateral finite elements. Relation (3.9) is actually NN relations, one for each

of NN nodes in the finite element mesh as indicated by the notation, i = I, NN.

In each relation, the integral sums the residual weighted by the basis function over a volume of
space. Each integrated weighted residual is forced to zero over the region of space in which
0i(x,y) 1s nonzero. This region includes only elements which contain node i, because of the
manner in which the basis function is defined, as described earlier. Thus, over each of these NN
subregions of a mesh, the sum of positive and negative residuals after weighting is forced to zero
by relation (3.9). This, in effect, minimizes the average error in approximating the governing
equation over each subregion.

After stating that the integral of weighted residuals must be zero for each subregion of the mesh
as in (3.9), the derivation of the numerical methods becomes primarily a job of algebraic

manipulation. The process is begun by substitution of the governing equation for <<O(h)>> in
(3.9):

I{{5. 2 3)ov - ({5 (V= [ () o xr)av =0

y J (3.10)
i=1,NN

The terms in double pointed parentheses are the approximate discrete forms of the respective
terms in (3.7). These are expanded in the manipulations that follow. Relation (3.10) is discussed
term by term in the following paragraphs.

Cellwise integration of time-derivative term

The first term involving the volume integral of the time derivative may be written in terms of the
three space dimensions, X, y, and z. Although the governing equation and parameters vary only
in two space dimensions, they apply to the complete 3D region to be modeled.
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The rearrangement in the final term of (3.11) is possible because no parameter depends on z. In
fact, referring to (3.2), the aquifer thickness, B(x,y,t), may be defined as:

(3.11)

B(X,y,t) = I dz = h(x,y,t)— BASE(X, y) (3.12)
(1)

The final term of (3.11) is then:

”<< >> x,y) B(x,y.t)dx dy (3.13)

Now cellwise discretization is chosen for S, and for ch/ot, making these terms take on a constant
value for the region of each cell i. The region of cell i is the same region over which Si(x,y) is
non-zero. Then, for any cell i, term (3.13) becomes:

h.
S %“ﬁix,y)B(x,y,t)dx dy (3.14)

where S; and Ohi/ot are the values taken by S, and oh/ot in cell 1.

It can be shown that the volume of cell 1, denoted by Vi(t), is, in fact, the integral in (3.14):

= [[0:(x,y) B(x,y,t)dx dy (3.15)

For a particular finite-element mesh, the volume V(t) of each cell is determined by numerical
integration of (3.15). Numerical integration by Gaussian quadrature is discussed in section (4.3),
“Gaussian Integration.”

Given the value of the specific storativity of each cell, S;, the time derivative of head in each cell,

ohi/ot, and given the volume of each cell, Vi(t), determined numerically, the first term of the
weighted residual statement takes on its discrete approximation in space:

j<<s g}tl>>¢ (x,y)dv =S, %Vi(t) (3.16)

\Y%
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Elementwise integration of flux term and origin of boundary fluxes

Manipulation of the second integral in (3.10) begins with the application of Green’s theorem,
which is an expanded form of the divergence theorem. This converts the integral into two terms,
one of which is evaluated only at the surface of the region to be simulated. Green’s theorem is:

V-W)AdV=[(W-n)Adr- [(W-VA)dV (3.17)
[(v-w) [(W-n) I )

A%

where A is a scalar and W is a vector quantity. The boundary of volume V is denoted by T,
which includes both the edges and the upper and lower surfaces of the aquifer, and n is a unit
outward normal vector to the boundary. Application of (3.17) to the second term in (3.10) results
in:

~ [ - ((x 9n))]o,(x.y) dv =~ [[[(k ¥h)) - no, dr

% r 3.18
+ [((K vh)) - V9, av >

The first term on the right of (3.18) contains a fluid flux given by Darcy’s law:

€Voyr =—KVh-n (3.19)
where v, is the outward velocity at the boundary normal to the bounding surface. Thus, the

integral gives the total flow out across the bounding surface, Q. , in the vicinity of a node i on

the surface:

Qour, _f 8VOUT¢ (3.20)

r

An inflow would have a negative value of Q; , and the relation between an inflow, Q, , and

outflow is: Q. =-Qyy - Thus, the first integral on the right of (3.18) represents flows across

boundaries of the water-table aquifer model.

The second integral on the right of (3.18) may be expressed in three spatial coordinates:

[((K ¥h))- Vo, dv = [ [ [{(K vh))- V¢, dz dy dx

\% Xy z

4Hmw»w{w%@wqumm»wm@wmwx

Xy

(3.21)

No term varies in the z-direction, allowing the use of (3.12), which defines aquifer thickness B.
Notice that the transmissivity as given by (3.2), 7= KB, appears in the form of the integral just
obtained.
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Now the approximation <<K Yh>> is specified in the integral. Hydraulic head, h(x,y,t), is

approximated in a nodewise manner as given by relation (3.4). The integral of (3.21) becomes:

JJ{(K ¥h))-vo, Bdydx = [ | <<K>>z§ h,(t) ¢j(x,y)]z¢i B dy dx

Y (3.22)

NN

= > h(0) [ [((K))(¥, - Vo,) B dy dx = 3 h,(0)1,(0)

j=1 Xy =l

where <<K>> is the elementwise approximation for K(x,y). The summation and h;(t) may be

factored out of the integral because h; is a value of head at a node and does not vary with x and y
location. The integral is represented by I;j(t) and depends on time because aquifer thickness, B, is
time-dependent for this water-table case. For each node i, there are apparently j=NN integrals
which need to be evaluated. In fact, due to the way in which basis functions are defined, there are
only a few which are nonzero, because (V¢; - Vi) is nonzero only when nodes i and j are in the
same finite element. When nodes 1 and j are in different elements, then V¢; is zero in the element
containing node i.

The integrals are evaluated numerically by Gaussian integration. This is accomplished by first
breaking up the integral over the whole volume to be simulated, into a sum of integrals, one each
over every finite element in the mesh:

1,(0)= [ [(K))(V, - v6,) B dy dx=§ [ [ (K)o, -vo,)B dy dx (3.23)

Xy =oxpoyL

There are NE elements in the mesh, L is the element number, and x; and y; are the x and y
spatial domains of element L. Thus, for a given L, the integral over x; and y. is integrated only
over the area of element L.

Now, the discrete elementwise approximation for hydraulic conductivity, as given by (3.3),
allows one term for element L in the summation of (3.23) to be written as:

KLH@PJ V4, ) B dy dx (3.24)

XLyL

Here, the thickness B is specified to vary nodewise. The formula for B in this example is
obtained by substituting the nodewise expression for head, (3.4), into the definition of B, relation
(3.2).

The integral over one element, as given by term (3.24), must be evaluated numerically. In order
to do this, the coordinates of the element L, which has an arbitrary quadrilateral shape as
suggested in Figure 3.1a, is transformed to a new coordinate system in which the element is a
two-by-two square. Then, Gaussian integration is carried out to evaluate the integral. For a given
combination of nodes i and j, this transformation and numerical integration is carried out for all
elements in the mesh in which both nodes i and j appear. (There are 16 i-j combinations
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evaluated in each quadrilateral element.) The elementwise pieces of the integral for each i-j
combination are then summed according to (3.23) in order to obtain the value of the integral over
the whole region. The summation is called the “assembly” process. This element transformation,
integration of the 16 integrals arising in each element, and summation, makes up a large part of
the computational effort of a finite-element model and requires the most complex algorithm in a
finite-element model. It is in this way that the second term of (3.10) is evaluated. More
information on finite-element integration and assembly may be found in numerical methods texts
such as Wang and Anderson (1982), Pinder and Gray (1977), or Huyakorn and Pinder (1983).
The details of this method as applied in SUTRA are given in Chapter 4, “Numerical Methods.”

Cellwise integration of source

The last term of equation (3.10) deals with sources of fluid to the aquifer such as injection wells.
The volume integral may, as before, be written in x, y, and z coordinates:

~JQ ) (x.y)av=-[[[Q" ¢, dzdy dx

Xyz

= _J-J-Q* . B(x, y,t) dy dx (329

where thickness B is introduced because Q and ¢; do not vary with z. It is assumed that all fluid
entering the aquifer within the region of cell i, which surrounds node i, enters at node i. If Q;

. . . . .. x o —1 L
[L3/s] is defined as the volume of fluid entering cell 1 per unit time, then Q [s ], which is the
volume of fluid entering the aquifer per unit volume of aquifer per unit time, is given as:

Q' (x.y)= f(Q—j] (3.26)

o\ VY
This is a cellwise discretization for the source term, Q. For cell i:

~[[Q ¢, Bay dX?(%]H(I% Bdy dx =-Q; (3.27)

Thus, all recharges within cell i due to areal infiltration, well injection or other types are
allocated to the source at node i.

This completes the spatial integration of the governing equation for the example problem.
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3.4 Time Discretization of Governing Equation

When the integrated terms of the governing equation are substituted in (3.10), the following
results:

NN

S, Vi(t)dd—hti+ I,()h,()=Qy +Q; i=1,NN (3.28)

1
=

These are NN integrated weighted residual approximations of the governing differential
equation, one at each node i in the mesh. Because of the summation term in (3.28), the integrated
approximate equation for a node, 1, may involve the values of head, h;(t), at all other nodes in the
mesh. The other terms in (3.28) involve only values at node i itself, at which the entire relation is
evaluated.

All the parameters in (3.28) are no longer functions of the space coordinates. Each parameter
takes on a particular value at each node in the mesh. Some of these values vary with time and a
particular time for evaluation of these values needs to be specified. In addition, the time
derivative requires discretization.

Time steps

Time is broken up into a series of discrete steps, or time steps. The length of a time step, At, is
the difference in time between the beginning and the end of a time step:

At =t"" 1" (3.29)
where Aty is the length of the (n+1)th time step, t" is the actual time at the beginning of the
(n+1)th time step and t*" is the actual time at the end of this time step. The time steps are chosen
to discretize the time domain before a simulation just as a mesh (or “spatial steps”) is chosen to
discretize space. The time step length may vary from step to step.

The entire spatially integrated governing equation, (3.28), is evaluated at the end of each time
step, t = t"". The time derivative of head in (2.28) is approximated, using a finite-difference
approximation, as the change in head over a time step, divided by the time step length:

dhi _ hi(tn +Atn+1)_hi(tn)
dt At

(3.30)

n+l

In order to simplify the notation, the head at the end of the time step, hij(t" + At,1) is denoted
h!', and the head at the beginning of the time step hi(t") is denoted h!. Thus,

1

dt At

dh, h™ —h’

(3.31)

n+l

The parameters that depend on time in (3.28), v;(t) and I;j(t), are also evaluated at the time, ! at
the end of a time step:
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h,(t)[,..=h" (3.32a)
Vi (t)] = VI (3.32b)
Li(t)] =13 (3.32¢)

The sources, Q,, and Q;*, are assumed constant in time for the present example.

Resolution of nonlinearities

The variability in time of cell volume, V;, and the integral, I;;, depends on the changing thickness
n+1

of the aquifer with time, B(x,y,t). The aquifer thickness at node i at the end of a time step, B;"
is not known until the head at the end of the time step is known, giving the water-table elevation.
This typifies a nonlinear problem wherein the problem requires values of coefficients in order to
be solved, but the values of these coefficients depend on the solution to be obtained. This circular
problem is avoided in this example by using estimates of the coefficient values in the solution.
An estimate of the head at the end of the next time step is obtained by a linear projection:

4 At
hfroj :hin _,_(ﬁj(h:‘ _h;"l) (3.33)

n

where h™ is the projected or estimated head at the end of the as-yet-unsolved time step, which

would have an exact value, h!"'. Actually, in addition to projection, SUTRA also employs a

simple iterative process to resolve nonlinearities. This is described in sections 4.4 and 4.5 under
the subheading “Temporal discretization and iteration.”

A projected thickness may then be determined from (3.33) as:
B! = BM™ =h™ — BASE, (3.34)

1

where B]' is the value of thickness needed to evaluate V"' and I}"', B! is the estimated

value of B!, and BASE; is the value of BASE(x,y) at node i.

Now the spatially integrated equation, (3.28), may be written discretely in time:

h™!' —h™ NN
SiVinH{TJ-F IEH h?ﬂ :QIN‘ +QT izl,NN (335)
j=1

n+l

where V"' and 13" are evaluated based on projected thickness, B,
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3.5 Boundary Conditions and Solution of Discretized Equation

Matrix equation and solution sequence

The NN relations given by (3.35) may be rearranged and rewritten in matrix form:

S, v 0 0
0 S,V 0
1
——10 0 S,V
At )| : .
0 0 0
RS O e
noon Iy
+I§‘T1 I I
Ly
IR

n+l
hl

n+l
h2

n+l
h3

SNNV%I

n+l
I14

Sl V1n+l
s, v

] S, v

n+l
S NN VNN

n+l
hNN

hy
h;
hy

n
hNN

QINl
QIN2
QIN3

*
QINNN

n+l
Il,NN

In+1
NN,NN |

Qi
Q,
Q;

*
QNN

] n+l
hl

n+l
h2

n+l
h3

n+l
hNN

(3.36)

By adding the two matrices on the left side, and the vectors on the right side, a matrix equation is

obtained which may be solved for the model heads at the new time level, t
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ﬂlﬂ n+l n+l n+l - h;lJrl
+I]] I]Q 113 . . . . . I] N
AtrH—l s hg*l
SVHH . n+l
g B |
tn+1
Ly o
+1
R SwVas o
| Atm—l ’
n+l
hix
S,V ! .
a o0y v Q
n+l
S,Vi*'hh .
% + QINz + Qz
n+l
Sy Varchi *
AtL,., Q. + Qu
n+

(3.37)

The solution progresses through time as follows: On a given time step, the nodal heads at the
beginning of the step are known values and are placed in h} in the right-hand-side vector of
(3.37). The thickness-dependent values are determined based on the projection of B in (3.34)
using the projected head of (3.33). The integrals and volumes are evaluated and the matrix and

vector completed. The linear system of equations (3.37) is solved for the nodal heads at the end
of the current time step using (banded) Gaussian elimination or an iterative sparse matrix

equation solver. The new heads are then placed on the right side of (3.37) into h}, and a new

time step is begun.

Specification of boundary conditions

Before solving the matrix equation as described above, information about boundary conditions
must be included. In the case of solving for heads, the boundary conditions take the form of
either specified fluid fluxes across boundaries which are directly entered in the terms, Q, , or of

particular head values specified at nodal locations. At a point of fixed head in an aquifer, a
particular value of fluid inflow or outflow occurs at that point in order to keep the head constant
when the aquifer is stressed. This is the flux of fluid that is added to the model aquifer in order to
obtain fixed heads at nodes.
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In order to illustrate how specified heads are implemented in SUTRA, consider the closed
system of Figure 3.5 in which head at node 1, h;, is to have a specified value, hgc, for all time. A
well is removing water from the system at an internal node. A core of porous medium with
conductance v is connected to node i. The head outside the core is held at the specified value,
hpc. The head at node 1, h;, is calculated by the model. Under steady-state conditions, a flow of
Qs [L*/s] enters through the core at node i in order to balance the rate of fluid removal at the

well. The resulting head at node i depends on the conductance value v of the core. If v is very
small, then a large head drop is required across the core in order to supply fluid at the rate the

pumping well requires. This results in h; having quite a different value from hgc. If, however, v
is very large, then the value of head at node i is very close to hpc, as only a tiny head drop across
the core supplies the fluid required by the well. Therefore, when the required flux is applied to a
node through a highly conductive core, the outside of which is held at a specified head value, the
node responds with a head value nearly equal to that specified. An advantage of specifying head
this way is that when head at a node in the mesh is fixed, a calculation of the flux entering the
mesh at this node is obtained at the same time:

Que = V{hge —h™) (3.38)

where Qg is the inflow at node i resulting from the specified head boundary condition, v is the

conductance of the “core,” and h . is the specified value of head at node 1 on the boundary.

CONDUCTANCE
s v

i

node;

ANN

WELL

INFLOW = Qgc;, = v (hgc— h;)

Figure 3.5. Schematic representation of specified head (or pressure) boundary condition. Specified
concentration boundary conditions are implemented using an analogous construction.
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The matrix equation (3.37) may be written in short form as:

< n+ n+ Si Vinﬂ n * .
> Mppe =[—Jhi +Q; +Qp +Qpe. i
j=1

Il
Z
Z.

" (3.39)

n+l

wherein an additional flux Qg has been added only to the equations that represent the specified

head nodes. At such a node, say node A, the equation is:

NN | | S VIH—I |
3 My h = [Zt_AJh; +Q, +Qu, + V(g —h") (3.40)

j=1 n+l

If v is very large, then the last term dominates the equation and (3.40) becomes:

o =hye (3.41)

Thus, the specified head is set at node A, but as h’;" and hy. are slightly different, a flux may
be determined from (3.38).
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Chapter 4: Numerical Methods

In this section, the numerical methods upon which SUTRA is based are presented in detail. The
purpose of this presentation is to provide a complete reference for the computer code.

4.1 Basis and Weighting Functions

Basis functions, weighting functions and their derivatives are all described in local element
geometry. In a 2D local coordinate system, every element takes the shape of a two-by-two
square. The 2D local coordinates, & and 1, are shown along with a generic local 2D finite
element in Figure 4.1a. The origin of the local coordinate system is at the center of the element.
Local node 1 always has local coordinates (&, ) = (—1, —1). The other nodes are numbered
counterclockwise from the first node as shown in Figure 4.1a.

NODE 4
1,1

NODE 7
(1,1 1,11

1,11

e

NODE 4
-1.1-1)

NODE 3
1,1,-1)

(1,-1,-1)

1

|

1

T

|

|

|

|

|

|

——————— ——————————:——————————— —————r—g

|

|

|

|

|

|

|

: NODE 2

1

-1-1)
NODE 1

(1,1)
NODE 2 o
N

{1-1,1)
NODE 6

—— ————————————-r—-—————————————}:

o
[w]
ms
(4]

(a) (b)

Figure 4.1. (a) Quadrilateral 2D finite element in local coordinate system (&, n). (b) Hexahedral 3D
finite element in local coordinate system (&, 1, ¢). The {-axis points directly out of the page.
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The following one-dimensional (1D) basis functions are defined over the region of the 2D

element:

(4.1)
(4.2)
(4.3)

(4.4)

These linear one-dimensional basis functions are continuous in & and 1 and range between zero

and one as £ and n range between +1 to —1. The one-dimensional functions are combined to

create the bilinear basis functions used in 2D SUTRA simulations:

The 2D bilinear basis functions, when defined in the local element coordinate system, are
denoted as Qi(&, n), i=1,2,3,4. There is one basis function defined for each node.

(4.5)
(4.6)
(4.7)

(4.8)

The basis function Q;, defined for node 1, has a value of one at the node and a value of zero at the
other nodes. The surface representing (&, n) over an element is curved due to the product of
€ and n in equations (4.5) through (4.8). A trajectory in the surface parallel to an element side,
however, is a perfectly straight line as shown in Figure 4.2. This is borne out in the derivatives of

the bilinear basis functions, which depend on only one space coordinate:

o0 o0 _
Lo _1H_ o _ig

g o

o _ iy 0 _ o

O& on

Q Q

B _am, By

o on

o0 o0 _
: =_%H+ : =+%‘:‘—

o on
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(4.9)

(4.10)

4.11)

(4.12)



;4

1.0

0.5

and n

0.0 node i
(-1., -1.) (1., 1)

Y~

Figure 4.2. Perspectives of the 2D basis function Q;(€, n) at node i.

Asymmetric weighting functions are defined for use in a Galerkin-Petrov method (one version of
which is described in Huyakorn and Pinder, 1983). These are not applied for nodewise
discretization of parameters, but rather for weighting in the volume integrals of the governing
equation. They may be used to give an “upstream weighting” to the advective flux term in the
transport equations or to provide “upstream weighting” to the fluid flux term in the fluid mass
balance when the medium is unsaturated. In 2D, the asymmetric functions are defined as follows:
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= -2') (= -H) (4.13)
=, +2") (H -H") (4.14)

(
(

0,(m)=(2, +=) (H, +H") (4.15)
(

0,(en)=(2 -=) (1, +H") (4.16)
where:

E'=3,E &, (4.17)

H* =3, H H, (4.18)

The spatial derivatives are:

%:-%(1—3%5)(& ~H') %:—%(1—3%11)(5_ -=') (4.19)
% —++(1-3a.8)H_ -H") % ——1(1-3a,n)E, +2’) (4.20)
%:+%(1—3aé§)(H++H*) %:+%(1—3ann)(5++5*) (4.21)
% =—1(1-3a.8)H, +H’) % —+1(1-3am)E -=) (4.22)

The parameters a: and a, determine the amount of asymmetry (or upstream weight) in each
coordinate direction. When these parameters have a value of zero, then (4.13) through (4.22)
reduce to the symmetric 2D basis functions and their derivatives, (4.5) through (4.12). The
values of a: and a, depend on location in the element:

a.(&n)= (UP)[LJ (4.23)

|X local

a, (&)= (UP)[ o j (4.24)

v

local

where UP is the fractional strength of upstream weighting desired (chosen by the model user),
ve(&, ) and vy (€, n) are the components of fluid velocity given in terms of local element
coordinates, and | Viocal(&, M) | is the magnitude of fluid velocity given in terms of local
coordinates. Each velocity component may vary in value throughout the element. A description
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of the calculation of fluid velocity is given in section 4.6, “Consistent Evaluation of Fluid
Velocity.”

Note that the 2D basis functions, weighting functions and their derivatives are calculated by the
SUTRA subroutine “BASIS2”.

In 3D SUTRA simulations, the basis functions depend on three local coordinates, &, 1, and C. As
in 2D, the origin of the local coordinate system is at the center of the element. The local node
numbering in 3D is illustrated in Figure 4.1b. Local node one always has local coordinates

(&, n, §) =(-1,—1,—-1). The other nodes are numbered as follows, assuming a right-handed
coordinate system. If the element is viewed from the outside, looking through one face, such that
the element face farthest away has node 1 as its lower-left-hand corner, then nodes 2 — 4 are the
remaining nodes in that element face, proceeding counterclockwise from node 1. Nodes 5 — 8 are
then located on the nearest element face (the one being looked through and opposite the first
face), such that nodes 5, 6, 7, and 8 are connected by element edges to nodes 1, 2, 3, and 4,
respectively.

The following one-dimensional basis functions are defined over the region of the 3D element:

= (g)=10-¢) (4.25)
2. (e)=10+¢) (4.26)
H (n)=+(1-n) (4.27)
H,(n)=1(+n) (4.28)
v (¢)=1(1-¢) (4.29)
Y. (6)=10+¢) (4.30)

These linear one-dimensional basis functions are continuous in &, ), and ¢, and range between
zero and one as &, 1, and { range between +1 to —1. The one-dimensional functions are combined
to create the trilinear basis functions used in 3D SUTRA simulations:

Q,(En)=E H ¥ 4.31)
Q,En()=2.H Y. (4.32)
Q,(En¢)=2H, ¥ (4.33)
Q,(en.C)=2 H. ¥ (4.34)
Q,En =2 H ¥, (4.35)
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Q,EnL)=2H V¥, (4.36)

Q,(En)=EH,¥ (4.37)

+ 5+

Q,(En.¢)=E H,¥ (4.38)

+ 5+

The 3D trilinear basis functions, when defined in the local element coordinate system, are
denoted as Qi(E, n, §), i=1,...,8. There is one basis function defined for each node.

The basis function €;, defined for node i, has a value of one at the node and a value of zero at the
other nodes. It varies linearly along the straight element edges that connect node i to its
neighbors and has curvature in 3D analogous to that described above for 2D elements. The
derivatives of the trilinear basis functions are as follows:

oQ oQ oQ

L-_1H ¥ L lz ¢ —l-_lz H (4.39)
o& on ol
oQ oQ oQ

l-4lH ¥ Lo lE Y - 12 H (4.40)
93 on og
oQ oQ oQ

‘=+1lH, Y Potlz P=-1E,H, (4.41)
g on g
oQ oQ oQ

f-_1lH. Y. fotlE v {-_1Z H, (4.42)
o¢ on G
oQ oQ oQ

S-_1H V¥, Solz oy, S-tlE H (4.43)
93 on g
oQ oQ oQ

C—4+1H VY, C-_1zZ ¥, C=4lZ H (4.44)
BE o ac
Q Q Q
o, =+1H.,¥, xQ, =+1E, ¥, A, =+1E,H, (4.45)
o¢ on G
oQ oQ oQ

t=-JH,Y, S=+yE Y, t=+1EH, (4.46)
93 on g
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In 3D, the asymmetric functions are used to provide “upstream weighting” in a manner
analogous to that described above for 2D. These functions are defined as follows:

0,(&m.0)=(2 -2) (H_-H") (¥_-¥) (4.47)
0,En0)=(g, +=) (m -1) (¥ -v) (4.48)
0,(em.0)=(=, +=°) (1, +H") (¥_-¥) (4.49)
0,E&n0)=(2 =) (H, +H) (¥_-¥) (4.50)
0.En0)=(= =) (B -H") (v, +¥) (4.51)
0,(en.0)=(2. +&") (H_-H") (¥, +¥") 4.52)
En0)=(2, +2") (1, +0°) (¥, +¥7) (453)
0,(en0)=(2 -2) (1, +H) (¥, +¥') (4.54)
where
E'=3,2 E, (4.55)
H'=3,H H, (4.56)
¥ =32, P W, (4.57)

The spatial derivatives are as follows:

X, _ ~1(1-3a,8) X, _ ~1(1-3a,n) B, _ ~1(1-3a8)  (4.58)
a 2 i* 2 n a 2 C* °
¢ (H -1) on (& -=) ¢ (B -=

(v -w) (e -w) (n_-m)
09 09 09
S2o 41(1-3a) S2o _1(1-3am) T2o _1(1-3al) (4.59)
a 2 3 a 2 n a 2 ¢
. (H_-n) " E +=) ¢ (B +=)

(v -v) (v ) (0 -m)
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0 0
Tao 1 1(1-3a8) = +i(-3am)
SIS IR A
M, _L(1_3a§) D, _ +i(1—3a )
= 2 € - 2 "l
% H +H o (B -=)
(¥ -w) (e —w)
o0 o0
= g e i)
o o -
S -(Hf—H*) N (Ef—E
(e +v) (W +9)
0 0
oo 11(1-3a8) o= —1(i-3a,)
P 2 s o L
S w-w) T e E)
(W +9) (v +w)
0 00
1= +%(1—3a§§) —L= +%(1—3aq11)
% (H_+1) o (B +2)
.(\pfﬁu{l*) -(‘P7+‘P)
[ _i(1_3a§;) By +1(1-3a )
= 2 € - 2 'l
o& -(H7+H*) on (57_5
.(IP_+\P*) (‘P_+‘P )

00,

S _1(1-3
% ng +aEC§§
20,

o

ae5 —

Sso 11(1-3aK)
P 2 ¢
Y
(1)
M, i
s
(. -H)
0,
R
%egz +%(1—3a£§§
(H+H)

(4.60)

(4.61)

(4.62)

(4.63)

(4.64)

(4.65)

The parameters ag, a,, and a; determine the amount of asymmetry (or upstream weight) in each
coordinate direction. When these parameters have a value of zero, then (4.47) through (4.65)
reduce to the symmetric 3D basis functions and their derivatives, (4.31) through (4.46). The

values of ag, a,, and a; depend on location in the element:
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a,(&n.¢)=(UP) |va (4.66)
a,(&n.¢)=(UP) |VV—” (4.67)
a,(&n.¢)=(UP) |VVC (4.68)

where UP is the fractional strength of upstream weighting desired (chosen by the model user),
ve(&, M, €), vn(&, M, €), and v¢(&, N, €) are the components of fluid velocity given in terms of local
element coordinates, and | Viocal(§, M, §) | 1s the magnitude of fluid velocity given in terms of
local coordinates.

Note that the 3D basis functions, weighting functions and their derivatives are calculated by the
SUTRA subroutine “BASIS3”.

4.2 Coordinate Transformations

During calculations for the finite-element mesh and during integral evaluations, transformations
are required between the global (x,y[,z]) coordinate system, in which an element may have an
arbitrary size and quadrilateral (2D) or generalized hexahedral (3D) shape, and the local (§,1[,C])
coordinate system in which each element is a two-by-two square (2D) or two-by-two-by-two
cube (3D). Transformations are required in each direction. The transformation employs the basis
functions to provide a linear remapping in each coordinate direction. The Jacobian matrix [J] is
calculated separately for each element that requires transformation and may vary from point to
point in an element. In 3D, the Jacobian matrix is

[0, 0Q, 0Q, 0Q, 0, 0Q, 0Q, o0Q,]|X Y2 %

o o og ot o o5 ot og ||*s Vs %
= Q, M, 0, &, 0, M, o, o, ||x, v, z, 4.69)
on  oqn on oqn On O on O [|Xs ¥Ys Zs
Q, o, 0, &, 0, &, oQ, Q,

O | P

The numbered subscripts refer to the local element numbering (which is shown in Figure 4.1).

The Jacobian matrix is used to transform derivatives of basis functions from the global to the
local coordinate systems and the reverse:
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0Q; 00,
sl &

il 2 4.70
on ] oy (4.70)
0Q; %
o¢ oz
% 0Q;
ox o
8¢j [_1] an
=y 4.71)
oy on
% 0Q;
oz o

where:
x oy o]
oE ot o
_|ox Oy oz
[1]= o o on (4.72)
x o o
Lo of  oC |

The subscript j refers to any one of the eight nodes in a 3D element (four nodes in a 2D element),
and ¢; refers to the global basis function as defined for the jth node in an element. The same
transformations apply to derivatives of the asymmetric weighting functions, which are denoted

o; in global coordinates.
The equations above are presented in 3D. For 2D simulations, only terms involving X, y, &, 1,

and node subscripts 1 through 4 are relevant; the remaining terms should be left out to obtain the
2D forms.

In (4.71), [J] is the inverse Jacobian matrix, defined such that
[J'[T1=[1] (4.73a)

where [I] is the identity matrix, whose diagonal elements are all equal to one and whose off-
diagonal elements are all equal to zero. In 2D, [J'] takes the form

T = L Jn  —Jn (4.73b)
U= e -1, I, '

where det J is the determinant of the Jacobian, given in 2D by
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detd=J,, 1, -1, (4.74)

The determinant may vary bilinearly over a 2D element. A detailed discussion of inverse
matrices and matrix determinants in 2D and 3D can be found in most linear algebra texts.

In 2D, differential elements of area, dA, are transformed between local and global coordinate
systems as

dA = dx dy = (det J)d& dn (4.75)
In 3D, differential elements of volume, dV, are transformed as

dV=dxdydz= (det J) d& dndC (4.76)
Note that the Jacobian matrix, the determinant of the Jacobian and the derivatives of the basis
functions in local and global coordinates are calculated in SUTRA subroutine “BASIS2” for 2D
simulations and in subroutine “BASIS3” for 3D simulations.
4.3 Gaussian Integration

Gaussian integration is a method by which exact integration of polynomials may be carried out
through a simple summation of point values of the integrand. The method is:

T=+1 NP
If(r)drz ZGKG f(tKG) 4.77)
=1 KG=1

where f(1) is the function to be integrated between Tt =—1 and t = +1. KG is the Gauss point

number, NP is the total number of Gauss points, Gkg is a constant, and Tgg is the location of the
KG™ Gauss point. An exact integration is guaranteed by the sum in (4.77) if n Gauss points are
used for a polynomial f(t) of order (2n—1). For evaluation of integrals that arise in the SUTRA
methodology, only two Gauss points are used in a given coordinate direction, as the integrands
encountered are usually of order three or less. In this case, the constants, Gk have a value of one
and (4.77) simplifies to:

Tf(r)dr = if(rKG) (4.78)

The values of Tk for the two Gauss points are i3_1/2 (= £0.577350269189626).

In 2D, the need to define a two-by-two element in local coordinates is apparent here. Gaussian
integration is done over a range of two, from —1 to +1. In order to integrate a term of the
differential governing equation over an arbitrary quadrilateral element in the mesh, the limits of
the integral must first be transformed to values of —1 and +1, that is, to local coordinates. When
integrating a double integral over x and y, both integrals must be transformed to have limits of —1
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and +1, and two Gauss points are needed in each coordinate direction. These are defined as
shown in Figure 4.3.

’f’
A
NODE 4 I NODE 3
(1,1) i (1,1)

T
|
|

GAUSSPOINT3 |  GAUSS POINT 4

X | X

(—0.0577, 0.577) l (0577, 0.577)
|
|

————— b —— 7
I
|
(-0.577, -0.577) I (0577, -0.577)
X | X

GAUSS POINT 1 I GAUSS POINT 2
|
|
L
&

(-1,-1) | (1,-1)
NODE 1 { NODE 2

Figure 4.3. 2D finite element in local coordinate system with Gauss points.

A 2D example, evaluating the integral of (3.24), follows. The integral to evaluate is

Ay = [ [(v9,-vo,)B, dy dx (4.79)

XLyL

where x; and y;. indicate that the integral is over the area of an element L in global coordinates.

First, the (x,y) integral is converted to an integral in local coordinates (&, 1) through use of the
Jacobian:

+1 41

A= [ [(V0; ¥9,)B,(detT)dndg (4.80)

E=—1n=-1
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The values of V¢ are in global coordinates and are obtained by transformation of derivatives
calculated in local coordinates.

Gaussian integration is applied independently to each integral:

2 2
Ay =2 [ (4, Vo,) B, (detJ)] e e ) (4.81)
Ke=1K, =1 g n
or equivalently as a single summation:
4
Ay= [(v4;-v9,)B, (det)) e mac) (4.82)

KG=1

where K: and K,, refer to Gauss point locations in the £ and n directions, and where kg and nkg
refer to the four Gauss points arising in (4.81) as depicted in Figure 4.3. Thus, in order to
evaluate the integral (4.79) over a given element, only four values of the integrand need to be
summed as given in (4.82), with one value determined at each of the four Gauss points.

In the case where a 2D element is a nonrectangular quadrilateral with variable thickness B, the
polynomial to be integrated in (4.80) is of fourth order as each of the terms may vary linearly in
the same direction. Otherwise, it is always of third order or less, and two-point Gauss integration
provides exact results.

The procedure for integration in 3D is analogous to that in 2D. When integrating a triple integral
over X, y, and z, all three integrals must be transformed to have limits of —1 and +1, and two
Gauss points are needed in each of the three coordinate directions, making a total of 8 Gauss
points.

Note that the summation over the Gauss points (as in (4.82)) is carried out by SUTRA subroutine
“ELEMNZ2” in 2D and subroutine “ELEMN3” in 3D for each element in the mesh and for each
integral that requires evaluation.

4.4 Numerical Approximation of SUTRA Fluid Mass Balance
The governing equation representing the SUTRA fluid mass balance, (2.24), is modified by the

addition of a point source term which is used to insert points at which pressure is specified. This
is done as described in text referring to relation (3.38).

_ a8, |@ PYU o l(KKP) o Mo v (o —p)e
Op(p,U)—(SWpSOP+8papjatﬁ{sSWngat yK h J(Yp pg)} Q,-v,[p. -p)=0 (4383

The last term is the source term arising from a specified pressure condition, wherein v, is a
“conductance” and pBC(t) is the externally specified pressure boundary condition value. When v,

is set to a sufficiently large value, the last term becomes much larger than the others in (4.83),
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and p~p , which is the desired boundary condition. Relation (4.83) is numerically

approximated in the following sections.

Spatial integration

When the expression for O,(p,U) is approximated through nodewise, elementwise and cellwise
discretizations, it no longer exactly equals zero. The approximate expression, ({(Op(p,U))), equals
a spatially varying residual, R,(x,y[,z].t), as shown for a 2D example in (3.8). A weighted
residual formulation may be written as:

[{(0,(p, U)W, (x,yL.z1)dV =0 i=1,NN (4.84)

where Wi(x,y[,z]) is the weighting function in global coordinates chosen to be either the basis
function, ¢i(x,y[,z]) or the asymmetric weighting function, w;(x,y[,z]), depending on the term of
the equation. Relation (4.83) is approximated discretely and substituted for ((O,(p,U))) in (4.84).
The resulting set of integral terms is evaluated, one term at a time, in the following paragraphs.

The first term is an integral of the pressure derivative:

| [<<swpsop +ep %»%}pi (x,y[.z])dV (4.85)

\%

where the term in square brackets is discretized cellwise, with one value of the term for each of
the NN cells in the mesh, and the weighting function is chosen to be the basis function (written

in global coordinates) The double angle brackets << >> surrounding a term indicate that it has

been approximated in one of the three ways. Because the cellwise-approximated term is constant
for a node 1, it is removed from the integral, leaving only the basis function to be integrated. The
volume integral of ¢i(x,y[,z]) gives the volume V; of cell i, which reduces to (3.15) for 2D
simulations. The term (4.85) becomes:

swpsop+gp% Py (4.86)
op ). ot

The second term of the expanded form of (4.84) is also a time derivative, which is approximated
cellwise:

dp \\oU _ 9p ) 9U;
j [<<ssw %>>E}(|)i(x,y[,z])dV—[ssw GUl Vi (4.87)

\%

The third term of expanded relation (4.84), which involves the divergence of fluid flux, is
weighted with the asymmetric function. The asymmetry is intended for use only in unsaturated
flow problems to maintain solution stability when the mesh has not been designed fine enough to
represent sharp saturation fronts. In general, the usual symmetric function is used for weighting
this flux term even for unsaturated flow, but the term is developed with the asymmetric function
in order to provide generality. Green’s Theorem (3.17) is applied, yielding:
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IIW‘

T .
] e 2] s

wherein the terms in double angle brackets are approximated discretely as described below, n is
the unit outward normal to the 3D surface bounding the region to be simulated, and I" is the
surface of the region. The asymmetric weighting function in global (rather than local)
coordinates is denoted, wi(x,y[,z]). The first term on the right of (4.88) is exactly the fluid mass
flux (see Darcy’s law, relation (2.19)) out across the region’s boundary at node i, q out (t) [M/s]:

Qour (1) = j ((epv-n)) o, dl =~ j K«%pj (vp- pg)m ‘nw,dr (4.89)

This term is used to specify fluid flows across boundaries in SUTRA. Note that an inflow,
d, (t)v is 9, = ~Your, -

(4.88)

The second term on the right of (4.88) is approximated using a combination of elementwise and
nodewise discretizations. The approximation of (Vp — p g ) requires particular attention and is

discussed in section 4.6, “Consistent Evaluation of Fluid Velocity.” The permeability tensor
appearing in (4.88) has nine components in 3D:

S S

L L L L
<<1; >>= ko ky, o kg, (4.90)

L L L

KhooKkE KL

wherein k is discretized elementwise as indicated by <<l=<L>> In 2D simulations, (Vp—pg) is

always zero in the third spatial direction, and only the four components of the permeability
tensor that do not involve the z-coordinate are relevant. The pressure is discretized nodewise:

p(x.yLzlt)= pit) ¢:(xyL.2]) (4.91)

Relative permeability, k;, depends on saturation, which in turn depends on pressure. Relative
permeabilities are evaluated at each Gauss point during numerical integration depending on the
saturation (and pressure) at the Gauss point. Viscosity is evaluated at each Gauss point for
energy transport as a function of nodewise discretized temperature, and is constant for solute
transport.

Density, p, when it appears in the permeability term, is also evaluated at each Gauss point
depending on the nodewise discretized value of U at the Gauss point. The density appearing in
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product with the gravity term is expressly not evaluated in this usual manner. A particular
discretization is used to maintain consistency with the Vp term, as described in section 4.6,
“Consistent Evaluation of Fluid Velocity”. This consistently evaluated pg term is denoted
{pg ' (see relation (4.153)).

The second term on the right of (4.88) is thus approximated as:

o0 () (] 5o |- o
g ﬂ«g» <{k&p} >}'<<pg>>*}2wi av

where ((l_(L ») indicates an elementwise discretized permeability tensor, <{ Kp }> indicates the
- K

(4.92)

value of the term based on nodewise discretized values of p and U (which is not the same as
discretizing the term in a nodewise manner), and ({p g )Y indicates a discretization of (pg)

consistent with the discretization of Vp.

The last two terms of (4.83) are approximated cellwise with a basis function for weighting:

‘M D) 0Lz dV = [ (v, (s — D)) 0, (x. Y120V =—Q; = v, (pye, —p;)  (4.93)

The cellwise discretizations that are employed in the above evaluations are

(@5 (%)

i=1 i

((Quac))=((v, (pyc — ) = %KVV—I’J(I)BC -, )} (4.95)

i=l1

where V; is the volume of cell i, Qi(t) [M/s] is the total mass source to cell i, Qpac (M/L**s) is the
fluid mass source rate due to the specified pressure, and v [L-s] is the pressure-based
conductance for the specified pressure source in cell i. The conductance is set to zero for nodes at

which pressure is not specified (so that Qpgc=0) and to a high value at nodes where pressure is
specified.

By combining and rearranging the evaluations of approximate terms of (4.84), the following
weighted residual relation is obtained in 3D:

AF, d(ﬁn CF Zp E,+v,p=Q;+V, Py, +qn, +DE 1=1,NN (4.96)
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where:

o5, 1]

Xyz

or, =]

Xyz

I

(e

p

-Y(I)J}-Zcoi dz dy dx

}> '<<P§>>*} Vo, dz dy dx

For 2D simulations, (4.99) and (4.100) are written as

-1l

DF;”{

:<<1£

(&

s
it

i
i

-z¢j}-zmi Bdy dx

'<<P§>>*} -Vo, Bdy dx

(4.97)

(4.98)

(4.99)

(4.100)

(4.101)

(4.102)

The thickness of the mesh, B(x,y), is evaluated at each Gauss point according to a nodewise

discretization:

B(X’Y);Z B; ¢1(X>Y)

(4.103)

where B is the mesh thickness at node 1. Note that mesh thickness is fixed and may not vary in

time as was allowed for illustrative purposes in Chapter 3, “Fundamentals of Numerical

Algorithms.”

The only integrals requiring Gaussian integration are BF;; and DF;. Note that these are evaluated

in SUTRA subroutine ELEMN?2 (for 2D) or ELEMN3 (for 3D) in an element-by-element

manner. The other terms, except for those involving v, are evaluated cellwise (one for each

node) by subroutine NODAL. The specified pressure terms are evaluated by subroutine BC.
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Temporal discretization and iteration

The time derivatives in the spatially discretized and integrated equation are approximated by
finite differences. The pressure term is approximated as:

d(i Lz ?:t;p? (4.104)
where
pi = pi(t“) (4.1052)
Mo p (i + A, )= py () (4.105b)
and
At =t"" —t" (4.106)

The new or current time step, At,;, begins at time t" and ends at time t""'. The previous time
step, for which a solution has already been obtained at time t", is denoted at At,,.

The term in (4.96) involving the time derivative of concentration or temperature, dU/dt, makes
only a very small contribution to the fluid mass balance. For solution over the present time step,
Aty 4, this derivative is evaluated using information from the previous time step, as these values
are already known:

n n P_l
du, :(dUij _Ui-U (4.107)

dt \ dt At,

This approximation gives a simple method of accounting for this small contribution to the fluid
mass balance.

All other terms in (4.96) are evaluated at the new time level t™' for solution of the present time
step, Ata+1, except for the density in the consistently discretized ((p g Y term. The density is

evaluated based on U(t"), the value of U at the beginning of the present time step. Because
coefficients depend on the yet unknown values of p and U at the end of the time step, one or
more iterations may be used to solve this nonlinear problem. On the first iteration, or when only
one iteration per time step is used, coefficients are based on a projected value of p and U.

. At
prY =p! +[—J (pr —p') (4.108)
At
. At
ure = g J{A—MJ (Ur-ur) (4.109)
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These projections estimate the p and U values at a node i, p™ and U, at the end of the

present time step, At,+1, based on linear extrapolation of the two previous values of p and U. All
p and U dependent coefficients (except ((p g >>*) in (4.96) through (4.102) are estimated at time

level "', These coefficient values are based on the most recent values of p and U, be they
projections or solutions to the previous iteration. Iterations end when the maximum change in p
and U at any node in the mesh falls below user-specified criteria of absolute change in p and U.

The weighted residual relations (4.96) may thus be written in a form which allows for solution of

n+l

pressures at nodes, p; , at the end of the present time step:

AF‘“‘H n+ - n+ n+ n+
[Atl in 1+lei lBFij l"'Vpi pi :
n+l =
(4.110)
" AFAHH _ n ‘
=Q" +v, phe +qp +DEM +(At‘ jpf+(CFi“”)(%} i=LNN

n+l

where the superscript involving (n) or (n+]) indicates level of time evaluation. The term with
level (n+1)* indicates that the ((p g )Y term is evaluated at the (n) time level on the first iteration,

and at the most recent level on subsequent iterations. The other coefficients are evaluated at the
(n+1) time level by projection on the first iteration, and at the most recent level on subsequent
iterations.

Boundary conditions, fluid sources and sinks

Specified pressures are obtained through the cellwise addition of a fluid flux (see Figure 3.5),
Qpc, [M/s] with reference to (4.93):

Q! =v, (o3 —pr') 4.111)

For a cell in which v is specified as a large number, this flux term dominates the fluid mass

n+l n+l

balance and py. = p;", achieving a specified pressure at the node representing cell i. Note that
specified pressure may change each time step. For cells in which pressure is not specified, v, is
set to zero, and no fluid is added to the cell by (4.111).

Both fluid sources, Q', and fluid inflows across region boundaries, q;‘;j , are specified
cellwise. They directly add fluid mass to the node in cell i. Thus, fluid sources and boundary
inflows are indistinguishable in the model. Fluid sources and flows across boundaries are both
in SUTRA, and are referred to as fluid sources. Thus the term

n+l
i

accounted for by the vector Q

n+l

qu, in(4.110) may be dropped, and the definition of Q' may be generalized to include the
boundary flows.

The form of the discretized fluid mass balance implemented in SUTRA is as follows:

91



=1 n+l

< AFiSij n+1 n+l
z A + BF; +vpi8ij p;

(4.112)
n+l n
=Q" +v, ph +DF™ + AR pr + (CFf“)(—dUij i=1,NN
‘ ‘ A n+l dt
wherein o;; 1s the Kronecker delta:

0if i+ j

O = lifizi (4.112a)
ifi=j

4.5 Numerical Approximation of SUTRA Unified Solute Mass and Energy Balance

The governing equation representing the SUTRA unified energy and solute mass balance (2.52)
is modified by the addition of a point source term that arises due to fluid inflows and outflows at
points of specified pressure:

0,(U) =[5, pe, +(1=8)p.c, ]S &8 pe, v VU

~v-{pc,[s, 6,1+ D)+ (1-5)s,1] vU}
= = = (4.113)

~Q,c, (U ~U)-¢S,pyy U=(1-¢)p,v; U, &S, pv" —(1-¢)p, 7

_QPBCCW(UBC_U) = 0

The last term is the solute mass or energy source due to fluid inflow at a point of specified

pressure, Qppc [M/L3's] is the fluid mass source rate given by (4.95), and Ugc is the
concentration or temperature of the flow. For outflow, Ugc = U, and the term goes to zero.
Relation (4.113) is numerically approximated in the following sections.

Spatial integration

When the expression for O,(U) in (4.113) is approximated through nodewise, elementwise and
cellwise discretizations, it no longer exactly equals zero. The approximate expression , ((O,(U))),
equals a spatially varying residual, Ry(x,y[,z],t), as shown for a 2D example in (3.8). A weighted
residual formulation may be written as:

[{(0, (U)W, (x,y)dV =0 i=1,NN (4.114)

\%

where Wi(x,y[,z]) is the weighting function, chosen to be either the basis function, ¢i(x,y[,z]) or
the asymmetric weighting function, wi(x,y[,z]), depending on the term of the equation. Relation
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(4.113) is discretized and the approximation is substituted for ((O,(U))) in (4.114). The resulting
set of integral terms is evaluated, one term at a time, in the following paragraphs.

The first term is an integral of the temperature or concentration time derivative:

I[((stpcw +(1 —S)pscs»%}}%(& yl.z)dv 4.115)

\%

where the term in square brackets is discretized cellwise, and the weighting function is the basis
function (written in global coordinates). As the term in double angle brackets has constant value
over a cell, 1, the integral contains only the basis function and equals the cell volume, V;, which
reduces to (3.15) for 2D simulations. Thus the term is

[eS,pc, +(1-¢) p.c,] %Vi (4.116)

The second integral is

[{(eS,pe, v VU)o, (x,y[.2])dV (4.117)

\%

where the asymmetric weighting function is chosen to allow the use of “upstream weighting” for
this term representing advective transport. “Upstream weighting” is intended for use only when
the finite-element mesh has been designed too coarse for a particular level of dispersive and
advective transport. The asymmetric function adds dispersion in an amount dependent on
element length in the flow direction. As a result, it changes the effective dispersion and thus
changes the physics of the problem being solved. This term is written in general to allow
upstream weighting, but simplifies to weighting with a basis function when the upstream weight
(UP in (4.23) and (4.24) for 2D; (4.66) through (4.68) for 3D) is set to zero. Thus, in order not to
alter the physics for most simulations, this term will have symmetric weighting.

The coefficients in this term (except velocity) are evaluated at each Gauss point and depend on
nodewise discretization of p and U, as indicated by the notation <{ }> . Porosity is discretized

nodewise. Nodewise discretizations of € and U are written:

e(x.yL.z])=((e)) = 2.5 0, (x.y[,z]) (4.118)
UlxyLzl, )= 2 U (1) 6, (x.y[.2]) (4.119)

The velocity is evaluated at each Gauss point during numerical integration in a particular way
that depends on consistent discretization of Vp and pg terms in Darcy’s law. This consistent

approximated velocity is denoted <<y>>* . Thus, the term (4.117) is evaluated as
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U, [<<8>><{Swp}> e, (v)) -Y¢j]wi(x,y[,21) dv (4.120)

Specific heat, cy, is a constant.

The third term of expanded relation (4.114) is
- [{(v- e, s, 0,1+ D)+ (1 =)o, 1] VUR) 0, (x, L, 27) av (4.121)
\'

where the basis function weights the integral. Green’s Theorem (3.17) is applied to (4.121)
resulting in

~[{(pe.[e8, (o, 1+ D)+ (=c)o. 1] VU)) -6, (. yLa))ar

(4.122)

+I<<pcw [es, (6, 1+ D)+ (1- S)GSL]-YU»-ZQ dv

The first term represents the diffusive/dispersive flux of solute mass or energy out across a
system boundary in the region of node 1. This term is denoted, y,; . An influx would be

—Wour OF Wy - The second term is based on nodewise discretization of U. The coefficients p

and Sy, are evaluated at Gauss points based on nodewise discretization of U and p, as indicated
by the notation <{ }> . Porosity, €, is discretized nodewise as in (4.118), and cy, 6y and oy are

constants. The dispersion tensor, D, is evaluated at each Gauss point according to equations

(2.41) and (2.42). Velocities used in this evaluation are the consistent values, <<y>>* ,and

dispersivities, o and ar; [and orz], are discretized elementwise except that o and ar; [and ours]
are evaluated depending on the velocity direction at each Gauss point for the anisotropic media

model. The approximated D is denoted <<2>> . Thus, the term (4.121) is evaluated as:
~w 2 U0 [ftehe fe)is. o+ (D)) 0 () otk vo v av - a123)

The remaining terms in (4.114) are discretized cellwise with the basis function as the weighting
function and with coefficients Uy, Sy, and p depending on the nodal values of p and U:

- I<<QPCW(U* - U)>>¢i(x,y[,Z])dV =-Qe, (U -U)) (4.124)
= [{(e8,pv U)) & (x, ¥ 2D dV =—[es v |, UV, (4.125)
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- [{{0-e)p.y; U)o, (e yLzDav =1 -2)p,y; U]V, (4.126)

~[{(zS,pvy +(1=2)p.v2)) s (cyLz)dV =—[eS, vy +(1-€)p,v2 ]V, (4.127)
~[{(Qupce (Upe = U)) b, (x.¥1.2)dV =—Que ¢, (Upe, - U;) (4.128)
where
Quc, =y, (Poc, =) (4.129)
and

((Qunc)) = %{Q\?C‘ J (4.130)

i=l1 i

The term evaluated in (4.126) is nonzero only for solute transport, and the value of Uy is given
for solute transport by the adsorption isotherms in the form:

U, =C, =s,C+s, (4.131)

where s; and sg are defined in section 4.7, “Temporal Evaluation of Adsorbate Mass Balance.”
In the above cellwise relations, cy, ps, v, , and y;, are constant, and v, , ., s, and sg may vary
cellwise and with time.

By combining and rearranging the evaluations of integrals in expanded relation (4.114) and the
definition (4.131), the following NN spatially discretized weighted residual relations are
obtained in 3D:

AT— ZU +ZU —(GT, +G,TL,) U.(t)
+Qic, U (6)+ Qe Ui (1) (3132
=Q,c, U/ +Qpe. ¢ Uge +Wy, +ET, +GTR, i=1NN
where
AT, =[eSpc,, +(1-¢)p,c, |V, (4.133)
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DT, = [ [ [[{(e)){S.phe.((v)) - Vé,] o, dz dy dx (4.134)

o, = [[Tiee. (a5, oL+ (@) - (oh)o.t] 2o} 08 az oy ax ca.139)
GT, =(eS, p17') V, (4.136a)
G.TL, =[(1-¢)p.vis, ], V, (4.136b)
G,TR, =[(1-e)p,vis ] V, (4.136¢)
ET, =[eS,pv) +(1-2)p.v3 ] Vi (4.137)

For 2D simulations, (4.134) and (4.135) reduce to

DT, = [ [<<8>><{Swp}>cw<<y>>* : Zd)choi B dy dx (4.138)

BT, = e, lienis. oL+ () i-((e)o.1) vo - v, Bayax  @.139)

The thickness of the mesh, B(x,y), is evaluated at each Gauss point according to (4.103).

The only integrals requiring Gaussian integration are DT;; and BTj;. Note that these are evaluated
in SUTRA subroutine ELEMN?2 (for 2D) or ELEMN3 (for 3D) in an element-by-element
manner. The remaining terms that do not involve Qgc are evaluated cellwise by SUTRA
subroutine NODAL. The flux terms arising from specified pressure (those with Qgc) are
evaluated by subroutine BC.

Temporal discretization and iteration

The time derivative in the spatially discretized and integrated equation is approximated by finite
differences:

du, u™-u:
dt At

1N

(4.140)

n+l
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where
U =u,t) (4.141a)
UM = U, (1" + At )= U, () (4.141b)

All terms in (4.132) are evaluated at the new time level, t*", except the velocity in (4.134) or
(4.138) and the dispersion tensor (which involves velocity) in (4.135) or (4.139), which are
lagged (based on values from previous time steps, as described just below) on the first iteration.
Because coefficients depend on the yet unknown values of p and U at the end of the time step,
one or more iterations may be used to solve this nonlinear problem. On the first iteration, and
when only one iteration per time step is used, coefficients are based on a projected value of p and
U as given by (4.108) and (4.109). On subsequent iterations, coefficients are based on the most
recent value of p and U. Iterations end when the convergence criteria are satisfied.

On the first iteration, and when only one iteration per time step is used, the velocities are
evaluated based on p!', U™ and p!"'. This is because the pressure gradient in the velocity
calculation, Vp", is based on pressures calculated when the fluid density was p™". On subsequent
iterations, velocities are calculated using the pressure solution for the most recent iteration
together with the densities resulting from the previous iteration upon which the most recent

pressure solution was based. No spurious velocities, which arise from mismatched p and p, are
generated this way. The flux term, Qgc, arising from the specified pressures is evaluated on the

first iteration at the beginning of the time step in terms of p;' and py. . On subsequent iterations,

n+l

it is based on the most recent pressure solution and pj. .

The relations (4.132) may thus be written in a form which allows for solution of concentration or
temperature at nodes, U, at the end of the present time step:

AT~n+1 . NN . ( 1) NN | |
vl + > UMDT™ + > UBT]
n+1

=1 =1

HGT™ 4G, TL ) UM + QM e, UM+ Qe U (4.142)

1

. ! AT-n+1 )
=Q"'e, U™ +QMe, U +yi! + ET) + G, TR} { v ]U ; i=1NN

n+l

The (n+1)* level indicates that velocity and Qgpc are evaluated on the first iteration at the previous
time step level (n) and on subsequent iterations, at the most recent iteration level of the present
time step. Other coefficients are evaluated at the (n+1) time level by projection on the first
iteration, and then at the most recent iteration level on subsequent iterations.

Boundary conditions, energy or solute mass sources and sinks

Specified temperatures or concentrations at nodes are obtained numerically by adding the
following source term to the right side of (4.142) for all nodes:

i = vy (Une, —U™) (4.143)
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where wgg is a source of energy [E/s] or solute mass [My/Ms], v, is the user-specified

conductance value (for energy or solute flux through a hypothetical core - see Figure 3.5) which
is nonzero only for nodes, k, at which temperature or concentration is specified, and U%glck is the

user-specified value of temperature or concentration at time, t" and at node k.

Source boundary conditions for U arise whenever a fluid source Q; is specified. These may be
either point sources of fluid or fluid flows across the boundaries. These fluid inflows must be

assigned concentration or temperature values, U;"" which may change with each time step.

Note that these sources are evaluated in SUTRA subroutine NODAL. Outflows of fluid result in
the disappearance of the source term from the transport equation because the sink and aquifer

have the same U-value (U™ = U").

Source boundary conditions for U may arise at points of specified pressure when an inflow Q.

occurs at such a point. A value of U must be specified for such fluid inflows as U}, . These

values may change with each time step. This source term for U disappears for outflow at a point
of specified pressure. Note that specified pressure sources are evaluated in SUTRA subroutine
BC.

A source or sink at a boundary due to diffusion or dispersion appears in (4.122):
vl = [((pe,[eS, (6,1+ D)+ (1-)o, 1] VU))"" -nodr (4.144)
r

For solute transport, this term may represent molecular diffusion and dispersion of solute mass
across a boundary. For energy transport, this term represents heat conduction and thermal
dispersion across a boundary. This heat or solute flux is a user-specified value, which may
change each time step. If the term is set to zero, it implies no diffusion and no dispersion across a
boundary for solute transport, or for energy transport, it implies perfect thermal insulation and no
dispersion across a boundary. For an open boundary across which fluid flows, this term is not
automatically evaluated by SUTRA. If no user-specified value exists at an open boundary, then
this term is set to zero. This implicitly assumes that the largest part of solute or energy flux
across an open boundary is advectively transported rather than diffusively or dispersively
transported. In cases where this assumption is inappropriate, the code may be modified to

evaluate this term at the new time level depending on the value of U™,

The form of the discretized unified energy and solute mass balance equation, which is
implemented in SUTRA, is as follows:

NN ATinHSr .
Z (TJ}DTU( P BT 4 [vy +GTM +GTL + Q!+ Q! e, I5, LUt
= n+l
=c, (@ UM + Qi U 4 v, Uil + ! + ET (4.145)
AT»H+1 ]
+G,TR™ +| 25| ye i=I.NN
Atn+1

wherein 8j; is the Kronecker delta.
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4.6 Consistent Evaluation of Fluid Velocity

Fluid velocity is defined by equation (2.19) as

yz—( . ]-(ﬁo—pg) (4.146)
SN =

w

This relation strictly holds true at a point in space. In order for the relation to hold true when
discretized, the terms Vp and p g must be given the same type of spatial variability. This avoids

generation of spurious velocities, which would be caused by local mismatching of the discretized
pressure gradient term and density-gravity term. For example, in a hydrostatic system where
densities vary spatially, Vp must equal p g to yield a zero vertical velocity. However, if Vp and

p g do not locally cancel because of the discretizations chosen, then erroneous vertical velocities

are generated.

Such an error would occur over an element where Vp is allowed only a single constant value in a
vertical section of the element and p is allowed to vary linearly in the vertical direction. This is
the case in a standard finite-element approximation wherein both p and U vary linearly in the
vertical direction across an element. Linear change in p implies a constant value Vp, while linear
change in U implies a linear change in the value of p according to (2.3) or (2.4). Thus, a standard
finite-element approximation over a bilinear element results in inconsistent approximation in the
vertical direction for Vp and p g : constant Vp and linearly varying p. This inconsistency

generates spurious vertical velocities, especially in regions of sharp vertical changes in U. A
consistent approximation of velocity is one in which Vp and p g are allowed the same type of

spatial variability, and further, are evaluated at the same time level.

A consistent evaluation of velocity is required by the transport solution in (4.134) or (4.138) and
in the evaluation of the dispersion tensor in (4.135) or (4.139), where velocity is required in each
element, in particular, at the Gauss points for numerical integration. In addition, a consistent
evaluation of the p g term is required at the Gauss points in each element for the fluid mass

balance solution in the integral shown in (4.100) or (4.102).

The coefficients for calculation of velocity in (4.146) are discretized as follows: Permeability, k,
is discretized elementwise; porosity, €, is discretized nodewise. Unsaturated flow parameters, k;
and Sy, are given values depending on the nodewise-discretized pressure according to relations
(2.8) and (2.21). Viscosity is either constant for solute transport or is given values depending on
nodewise-discretized temperature according to (2.5).

To complete the discretization of velocity, values in global coordinates at the Gauss points are
required for the term (Vp - pg). Whenever this term is discretized consistently in local element

coordinates (&, n [,£]), a consistent approximation is obtained in global coordinates for any
arbitrarily oriented quadrilateral (2D) or hexahedral (3D) element. The remainder of this section
presents a consistent approximation for this term.

Consistent discretization in local coordinates is obtained when the spatial dependence of Op/0¢
and 0p/on [and Op/0C] is of the same type as that of pg: and pg, [and pg.]. Because the
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discretization for p(&, n [,£]) has already been chosen to be bilinear (2D) or trilinear (3D), it is
the discretization of the p g term, in particular, that must be adjusted. First, in the following, a

discretization of the p g term is presented which is consistent with the discretization of Vp in
local coordinates, and then both Vp and p g are transformed to global coordinates while

maintaining consistency. The development is presented for the 3D case. In 2D, the summations
are performed over four (instead of eight) nodes and only terms not involving z or C are relevant.

The pressure gradient within a 3D element in local coordinates is defined in terms of the
derivatives with respect to the local coordinates:

ag Peno)= le —t (4.147a)
ap (&n,¢) Z % (4.147b)
62 EnC)= i a0 (4.147¢)

The summations may be expanded and written in detail by reference to relations (4.39) - (4.46)
and (4.25) - (4.30) (in 2D, (4.9) - (4.12) and (4.1) - (4.4)).

A local discretization of p g with a spatial functionality that is consistent with the local pressure

derivatives (4.147a-c) is

). (€.n.C Zp gg (4.148)
o0,

), (En.¢ Zp g, ﬁnl (4.149)
o0,

). (&n.C Zp g agl (4.150)

where the vertical bars indicate absolute value, p; is the value of p at node i in the element based
on the value of U at the node through relation (2.3) or (2.4), and g, , g, , and g, are the &-, -,

and C-components of g at node i, respectively. The 24 (in 2D, eight) gravity vector components

at the nodes in each element need be calculated only once for a given mesh and may be saved.
This discretization is robust in that it allows both the density and the direction and magnitude of
the gravity vector components to vary over an element. No particular significance should be
attached to the absolute values of basis function derivatives, except that these happen to give the
desired consistent approximations, as is shown shortly.
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The gravity vector components in local coordinates at a point in the 3D element are obtained
from the global gravity components as:

gg gx
g, 1=l g, (4.151)
gq gz

where [J] is the Jacobian matrix defined by (4.69).

The derivatives of pressure in local coordinates, (4.147a-c), and the consistent density-gravity
term components in local coordinates, (4.148) - (4.150), are transformed to global coordinates
for use in the evaluation of the integrals in which they appear by

op P
2|5
Pl _[y] J P
. 1] = (4.152)
P P
oz ac

(pe)
(<<p§>>*)y =[] e), (4.153)

where ({(pg >>*)x, («pg >>*)y, and ({(pg )>*)Z are the consistently discretized density-gravity term

components in global coordinates, and [J]™' is the inverse Jacobian matrix defined by (4.73a).
The 2D forms of relations (4.147) to (4.153) are obtained by leaving out all terms involving z
and C.

The spatial consistency of these approximations may be seen by inspecting their expansions in
local coordinates. For example, in 2D, the &-components are

F O DIELRCRNIERY (4.154)

(pe). = %[( p.g., +page ) (1-n)+(pge, +p.2e, ) (1+1)] (4.155)

The terms in parentheses preceding the terms containing n all have a constant value for the
element, and thus the approximations have consistent spatial dependences.
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4.7 Temporal Evaluation of Adsorbate Mass Balance

The terms in the unified energy and solute mass balance equation that stem from the adsorbate
mass balance require particular temporal evaluation because some are nonlinear. The following

terms of relation (4.142) are evaluated here: AT, GT""', and ET"'. For solute transport, the

coefficient ¢ in AT™' (4.133) becomes KE” according to (2.52b). The relation that defines k|

is given by either (2.34c¢), (2.35c¢), or (2.36¢) depending on the sorption isotherm. The variable
U:i” is expressed in terms of the concentration of adsorbate, C:“ , in a form given by (4.131).
The parameters in (4.131), sp and sg, are defined in this section and are based on either (2.34a),

(2.35a) and (2.36a) depending again on the sorption isotherm. The temporal approximations of
these parameters are described below for each isotherm.

For linear sorption, all terms and coefficients related to the adsorbate mass are linear and are
evaluated at the new time level and strictly solved for at this level:

U =C =g, p, CI" (4.156a)
CI' =" =y,p, (4.156b)
SL = 1P, (4.156¢)
sg =0 (4.156d)

For Freundlich sorption, the adsorbate concentration is split into a product of two parts for
temporal evaluation. One part is treated as a first-order term as is linear sorption. This part is
evaluated strictly at the new time level and solved for on each iteration or time step. The
remaining part is evaluated as a known quantity, either based on the projected value of C; at the
end of the time step on the first iteration, or based on the most recent C; solution on any
subsequent iteration.

Ber
Uyt =yt = e,) ) e e (4.157a)
Also:
Cr e ( s J pExZJ ™) 5] (4.157b)
X2
5, le(po)[):zj (CPJ)[IXXJ S =0 (4.157¢)

n+l

where the coefficient k™ is evaluated from the projected or most recent value of Ci, depending
on the iteration.
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Finally, for Langmuir sorption the form used for the temporal evaluation preserves dependence
on a linear relation to C;. However, the linear relation is appropriate only at low solute
concentrations. At high concentrations, the adsorbate concentration approaches (1/y2).
Therefore, two temporal approximations are combined, (one for low C, and one for high C) in a
manner depending on the magnitude of concentration. When (y,p,c) << 1, the following

temporal approximation for low values of C, referred to as C_, is employed:

CPYOJ
X2 Py } (4.158)

o _ n+l _
Cs _(leoc ){1 (1 + %, Py Cproj)

When (x 2poc) >> 1, the following temporal approximation for high C, C. is employed:

c” =(ﬁj {1— ! } (4.159)
XZ (1+X2pocp J)

Thus C!*' may be defined

U =C"'=w,C; +W,C/ (4.160)
where the weights W, and W, are

X2 P, C™

(4.161a)

W, =1-W, (4.161b)

By substituting (4.158), (4.159), (4.161a), and (4.161b) into (4.160), the following temporal
evaluation of C ;‘i“ is obtained after algebraic manipulation:

oo X G oo €I P C1)

(147, p,Cr) (147, p,Cr)

(4.162a)
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The coefficient k"' is defined as

C:l+1 :Kln:rl — (1 leszmj )2 (4.162b)
+X2po i
s, = ( XiP, p j)z (4.162¢)
1+%,p,C™
proj |2
i, - 0 )o,C) (4.162d)
(I‘FszoC?roJ )2

The first term in (4.162a) is solved for on each iteration, and the second term is treated as a
known. In the above four relations, C™™ is based on a projection for the first iteration on a time
step, and is the most recent value of C; on subsequent iterations for the time step.
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Chapter 5: Other Methods and Algorithms

5.1 Rotation of Permeability Tensor

The aquifer permeability may be anisotropic (as discussed in section 2.2 under the heading
“Fluid flow and flow properties”) and may vary in magnitude and direction from element to
element (as shown in (4.90)). In 2D, the permeability in each element is completely described by
input data values for the principal permeability values kp,x and kpin, and for 0, the direction in
degrees from the global +x direction to the direction of maximum permeability. In 3D, it is
described completely by input data values for Kpax, kmig, and kuin, and for the angles 0, 6,, and
03, which describe how the principal permeability directions are related to the (x,y,z)-coordinate
directions (see section 2.2). The evaluation of integrals (4.99) and (4.100) (or (4.101) and
(4.102)) as well as the velocity evaluation (4.146) require the permeability tensor components in
global coordinates as given by (4.90). Thus, a rotation of the tensor is required from the principal
permeability directions to the global coordinate directions, as shown for 2D in Figure 2.2.

The rotation is given by

T
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K" =HK'H (5.1)
where in 2D,
kL _ krI;ax O
k= (5.2a)
- 0 kll;lin
cos® —sinB
H=| . (5.2b)
= |sin® cosO
and in 3D,
kb0 0
k'=| 0 ki, O (5.3a)
0 0 kIt;‘lin
i —sin®, cos0, +sin0, sin6,
cos 0, cos0, . . .
—cos0,sin0,sin0, —cos0,sin0, cos0,
= +c0s0, cosO —cos0,sin0
H=\ Ging, cos, DR S (5.3b)
—sin®, sin6, sin O, —sin®, sin6, cos 6,
| sinb, cos 0, sin 0, cos0, cos0,



The matrix liL is given by the relevant portion of (4.90), depending on whether it is 2D or 3D.

The matrix ET is the transpose of H, defined by
T . .
H; =H; foralliand] (5.4)

For example, the result in 2D is

kbl =k., cos’0+k., sin’0 (5.52)
ky, =k, sin’ 0+k;, cos’ 0 (5.5b)
ki, =k, = ( - —k;m)sine cosO (5.5¢)

5.2 Radial Coordinates
For 2D simulations, SUTRA is written in terms of 2D Cartesian coordinates x and y. In general,

the 2D numerical methods are applied to Cartesian forms of the governing equations; however,
radial coordinates (cylindrical coordinates) r and z can be exactly represented by allowing the

mesh thickness, B;, to vary from node to node in an appropriate manner.

A function, f{(r,z), of radius r, and vertical coordinate z, is integrated over a cylindrical volume as
follows:

R= jjj (r,z)r dO dr dz (5.6)

z

Assuming symmetry with respect to angular coordinate 0 (f(r,z) does not depend on 0), the
integral becomes

R, =[ [ f(r,z)(2nr)dr dz (5.7)

This integration may be compared with a general integration of a function g(x,y) in Cartesian
coordinates as it is carried out in SUTRA methodology:

R, J J‘ y, x y dx dy (5.8)

Integrals R, and R, are exactly analogous if x=r, y=z, and

B(x,y)=2nr (5.9)
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Thus, by a simple redefinition of coordinate names and by setting the mesh thickness, B, at each
node equal to the circumference of the circle it would sweep out when rotated about the r=0 axis
of the cylinder (B; = 2nr;), the SUTRA simulation is converted exactly to radial coordinates.
Figure 5.1 shows a mesh and the volume it sweeps out when in radial coordinates. Each element
becomes a 3D ring when used in radial coordinates.

/"""_T_“"\.\
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T N\
|
| // o /
\\\ ~ | - /' 5 f/ /
—~—— I — — _ vl /
N —— - - /
N —_ T /x/ //
//// .
—
~
~
s
e
/
/

THICK; = 2nr;

Figure 5.1. Finite-element mesh in radial coordinates. One element is shaded.
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5.3 Solution Sequencing

On any given time step, the matrix equations are created and solved in the following order: (1)
the matrix equation for the fluid mass balance is set up, (2) the transport balance matrix equation
is set up, (3) pressure is solved for, and (4) concentration or temperature is solved for. Both
balances are set up on each pass such that the elementwise calculations need be done only once
per pass. However, SUTRA allows the p or U equation to be set up and solved only every few
time steps in a cyclic manner based on parameters NPCYC and NUCYC. These values represent
the solution cycle in time steps. For example, for transient flow and transient transport, setting up
and solving for both p and U each time step (NPCYC = NUCYC = 1) gives the following cycle:

time step: 1 2 3 4 5

6 7
p p b P P P P
U

solve for: U U U U U U

or solving for p every third time step and for U each time step (NPCCYC=3 and NUCYC=1)
gives:
time step: 1 8 9

. p ¢ D o
solve for: { U U U

C e

5 6
e P
U U

C e

2 3
e P
U U
However, either of p or U must be solved for on each time step and therefore either NPCYC or
NUCYC must be set to one.

For a simulation with steady-state flow and transient transport, the sequencing is

time step: 0

solve for: { p

C o Wn

1 2 3 4
[ ] [ ] [ ] [ ]
e U U U U

For steady-state flow and steady-state transport, the sequencing is

time step: 0 1
. p L
solve for: { « U

The only exception to the cycling is that for nonsteady cases, both unknowns are solved for on
the first time step, as shown in the case for NPCYC=3, NUCYC=1, above, and on the last time
step, irrespective of the values of NPCYC and NUCYC.

It is computationally advantageous to avoid unnecessarily reconstructing the U equation and,
when the direct solver is used, to avoid the U matrix decomposition steps by allowing solution
by back-substitution only. This is begun on the second time step solving for U only after the step
on which a solution is obtained for both p and U. To do this, the matrix coefficients (including
the time step) must remain constant. Thus, nonlinear variables and fluid velocity are held
constant with values used on the first time step for U after the step for p and U. For example,
when NPCYC=1, NUCYC=6:
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time step: 1 2 3 4 5 6 7 8 9 10 11 12
. p [} [} [} [ J p [} [} [} [} [} p
solve for: { U U U U U U U U U U U U
| constant values | | constant values |
| back-substitute | |  back-substitute |

Note that p and U solutions must be set by the user to occur on time steps when relevant
boundary conditions, sources or sinks are set to change in value.

5.4 Velocity Calculation for Output

The velocities employed in the numerical solution of the fluid mass, and the solute mass or
energy balances are those calculated at the Gauss points in each element (as described in section
4.6, “Consistent Evaluation of Fluid Velocity.”) For purposes of output, however, only one
velocity value per element is made available. This is the velocity at the element centroid, which
is defined as the point whose coordinates are the arithmetic average of the coordinates of the four
(2D) or eight (3D) nodes at the corners of the element; for example, the x-coordinate of the
centroid is the average of the x-coordinates of the corner nodes. The centroid can equivalently be
defined as the point in the element where the lines connecting the midpoints of opposite sides
intersect, as shown in Figure 5.2 for both 2D and 3D elements.

\
\ 7

—
—

\
__-RCENTROID
\

\
\

/’;#
~~1 4 =L —CENTROID

(a) (b)

Figure 5.2. (a) 2D finite element in global coordinates (x,y) with element centroid. The dashed lines
connect the midpoints of the element sides. (b) 3D finite element in global coordinates (x,y,z) with
element centroid. Crosses (+) indicate centroids of element faces.

The velocity at the centroid of an element is calculated by taking the average of the velocities (in
global coordinates) at the four (2D) or eight (3D) Gauss points; for example, the x-component of
velocity at the centroid is the average of the x-components of the velocity at the Gauss points.
This process gives the “true” velocity at the centroid that would be calculated employing the
consistent velocity approximation evaluated at this point in the element. In 2D, this may be seen
by setting £=n=0 in (4.154) and (4.155). Note that this velocity calculation is based on

previous, not current, pressures and concentrations or temperatures (i.e., from the
previous iteration or time step).
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5.5 Budget Calculations

A fluid mass and solute mass or energy budget provides information on the quantities of fluid
mass and either solute mass or energy entering or exiting the simulated region. Generally, it is
not intended as a check on numerical accuracy, but rather as an aid in interpreting simulation
results. When an iterative matrix solver is used, the discrepancy in the budget may be used to
judge iterative convergence.

The fluid budget is calculated based on the terms of the integrated-discretized fluid mass
balance, (4.96), as approximated in time according to (4.112). After the solution to a time step

makes available p?” and U} ! the time derivatives of these, dp;/dt and dUy/dt, are calculated
according to (4.104) and (4.140).

The total rate of change in stored fluid mass in the region due to pressure changes over the recent
time step is:

< n+l dp
> AF, e [M/s] (5.11)

i=1

where AF; is defined in (4.97), and the total rate of change in stored fluid due to changes in
concentration or temperature is:

NN
> CcE™ % [M/s] (5.12)
i=1

where CF; is defined in (4.98). The sum of (5.11) and (5.12) gives the total rate of change of
fluid mass in the entire region.

Fluid sources, Q"' , may vary with time, and those that do vary are reported by the budget at

n+l
i

each source node. The sum of Q
NN
2. Q [M/s] (5.13)
i=1

gives the total rate of fluid mass change due to all sources and sinks of fluid mass, as well as to
specified fluxes across boundaries. Fluid sources due to specified pressure conditions, Q;;g{ ,
usually vary with time and are also reported by the budget at each node. This source is calculated

at each node from (4.111). The sum of Qgé
NN
> Qi [M/s] (5.14)
i=1

gives the total rate of fluid mass change in the entire region due to inflows and outflows at all
specified pressure nodes.

The sum of (5.13) and (5.14) should be close to the value given by the sum of (5.11) and (5.12).
These may be expected to match better when iterations for nonlinearity have been used and
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convergence was achieved, because the budget is calculated for a time step using only one
iteration with the (n+1) time level values of nonlinear coefficients, and the solution is obtained
with coefficients based on projected values of p and U.

The solute mass or energy budget is calculated based on the terms of the total balance (2.47)
(prior to subtraction of the terms that appear in the fluid mass balance done in equations (2.48)
through (2.52)). This allows simpler physical interpretation of the terms (particularly the fluid
source terms) in the balance than would the similar terms of the fluid-conservative balance form
(2.52). An integrated-discretized balance, similar to that given in (4.132) for the fluid-
conservative form, and as approximated in the time according to (4.142), is presented in
SUTRA’s solute mass or energy budget.

The total rate of change in stored solute mass or energy in the region due to change in
concentration or temperature over the recently computed time step is

NN . dU
> AT - [M, /s or E/s] (5.15a)
i=1

where AT"™' is calculated from (4.133) using U"*' in all coefficients requiring a value

(including adsorption isotherms for cs = k). In reporting this portion of the budget, a separate
value is given for the sum of the portion stemming from (gsypcyw) and for (1—€)pscs. The former
sum relates to the rate of solute mass or energy change in the fluid, and the latter relates to the
change in the solid-immobile portion. The total rate of change in stored solute mass or energy in
the region due to change in stored fluid mass (see first term of (2.48)) is

NN n+l n
> e, U [AF{‘“ % +CF™! dd%j [M, /s or E/s] (5.15b)
i=1

The total rate of first-order solute mass production in the fluid is calculated as

NN
> e U [M/s] (5.16a)

i=1
and at the rate of first-order adsorbate production is calculated as

NN
> G,TL UM +G TR [M/s] (5.16b)

i=l1

where GT; and G,TL; and G,TR; are defined by (4.136a-c), and all isotherms are based on Uir”1 .
Fluid and adsorbate rates are reported separately by the budget. These terms have no analogy for

energy transport. The terms of zero-order production of solute and adsorbate mass or energy
production in the fluid and solid matrix are
NN
> ET™ [M, /s of E/s] (5.17)
i=1

where ET; is defined by (4.137) and the fluid and immobile phase production rates are reported
separately by the budget.
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Solute mass and energy sources and sinks due to inflowing or outflowing fluid mass may vary
with time and are reported by the budget at each fluid source node and at each specified pressure
node. These are summed separately for the entire region:

NN
> Qe UM [M, /s orE/s] (5.18)
o
> Qe U [M, /s or E/s] (5.19)

i=1

where U™ and U;Eli take on the user-specified values of U for fluid inflows, and the U value of

the ambient system fluid for outflows. The (n+1)" level indicates that Qgc is evaluated on the
first iteration at the previous time level (n) and on subsequent iterations, at the most recent
iteration level for the present time step. These sums give the total rate of change of solute mass
or energy in the entire system due to these fluid sources and sinks.

The diffusive-dispersive sources of solute mass or energy (4.144) are summed for the entire
system and are also reported by node as they may vary with time:

NN
D v [M, /s or E/s] (5.20)
i=1

Finally, solute mass or energy sources due to specified concentration or temperature conditions,
\j EEI , usually vary with time and are calculated at each node from (4.143). These are

additionally reported by the budget at each node. The sum of these sources:

NN
D e [M, /sorE/s] (5.21)
i=1

gives the total rate of solute mass or energy change in the entire region due to fluxes of solute or
energy at all specified concentration or temperatue nodes.

The sum of (5.16a), (5.16b), (5.17), (5.18), (5.19), (5.20) and (5.21) should be close to the value
given by (5.15a) and (5.15b). These values may be expected to match best when nonlinearity
iterations have been used and convergence achieved, because the budget is calculated for a time
step with only one iteration with all information at the (n+1) time level, whereas the solution is
obtained using nonlinear coefficients based on projections of p and U.

In addition to providing the net changes in storage, net sources and inflows, and net production
of fluid and energy or solute, the budget also separately provides the total of all positive
contributions and the total of all negative contributions for each of these quantities. For example,
the net inflow of fluid at specified pressure nodes is provided as the sum over all nodes at which
there is an inflow (a positive flow) and the sum over all nodes at which there is an outflow (a
negative flow).

Based on the sums described above, SUTRA computes and reports absolute and relative balance

errors for fluid mass and for energy or solute mass. For fluid mass, the absolute error is defined
as
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absolutefluid massbalanceerror = S, — F; (5.22)

where
S; = net rate of change in stored fluid (5.23)

and
F; =netrateof gain/lossof fluid throughinflows/otflows (5.24)

The relative error is then defined as

relative fluid mass balance error=100* (S, — F;)/ A, (5.25)

where
A, =(S;—S; +F —F )2 (5.26)

The superscripts “+” and “-* indicate the summed positive and negative contributions,
respectively, to Sy and Fr. By definition, S; and F," are positive, and S; and F; are negative, so

Ar s always positive and is a measure of the overall fluid mass balance “activity” (storage,
release, inflow, and outflow of fluid) in the system. The relative error is expressed as a
percentage of this activity.

For energy or solute mass (including adsorbate), the absolute error is defined as

absoluteenergyor solutemassbalanceerror = S, — P, — F, (5.27)
where

S, =netrate of changein storedenergyor solutemass (5.28)

P, =netrateof productiordecayof energyor solutemass (5.29)
and

F, = netrateof gain/lossof energyor solutemass (5.30)

throughinflows/ouflowsand sources/snks

The relative error is then defined as

relativeenergyor solutemassbalanceerror=100*(S, =P, = F,)/ A, (5.31)
where

A, =(S:=S; +P' =P +F —F, )2 (5.32)

The superscripts “+” and “-* indicate the summed positive and negative contributions,
respectively, to S, Py, and F,. By definition, S/, P, and F," are positive, and S, , P, and F, are
negative, so A is always positive and is a measure of the overall energy or solute mass balance

“activity” (storage, release, production, decay, inflows, outflows, sources, and sinks of energy or
solute mass) in the system. The relative error is expressed as a percentage of this activity.
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5.6 Program Structure and Program Unit Descriptions

SUTRA is structured in a modular, top-down programming style that allows for code readability,
ease in tracing logic, and hopefully, ease in eventual modifications. Each subroutine carries out a
primary function that is clearly distinguished from all other program functions. User-required
program changes are limited to coding portions of a subroutine that is used to control time-
dependent sources and boundary conditions (when they are used) and a subroutine that sets the
unsaturated flow functions when unsaturated flow is simulated. The program is commented to
aid in tracing logic.

SUTRA is written in FORTRAN-90 and takes advantage of dynamic array allocation; however,
few structures are used that are not compatible with FORTRAN-77. The code runs accurately
when it employs “double-precision” real variables (64 bit words with 47 bit mantissa) with a
precision of about 15 significant figures, and 32 bit word integer variables. Should the code
require modification to run on machines with other word lengths or other bit to byte ratios, the
number of significant figures in a real variable should be preserved, if not increased.

Input and output are also somewhat modularized. Input is through three data files consisting of
list-directed records. The input first file, called “SUTRA.FIL”, contains a list of Fortran unit
numbers and the names of the remaining input and output files to which the unit numbers are to
be assigned. The second input file, typically given the filename extension “.ics”, contains only
data on initial conditions for p and U at the nodes. The third input file, typically given the
filename extension “.inp”, contains all other input data required for a simulation.

Output is to six data files. The first output file, typically given the filename extension “.rst”,
receives the result of the final time step in a format equivalent to that of the “.ics” file (with some
additional information), for later use as the initial conditions file if the simulation is to be
restarted. The second output file, typically given the filename extension “.nod”, receives
nodewise results (node coordinates, pressures, concentrations, and saturations) at each node for a
user-specified sequence of time steps. The third output file, typically given the filename
extension “.ele”, receives elementwise results (element centroid coordinates and velocity
components) at each element centroid for a user-specified sequence of time steps. In the “.nod”
and “.ele” files, output is arranged in columns to facilitate importing the results into
postprocessing software. The fourth output file, typically given the filename extension “.obs”,
receives nodewise results, called observations, for a set of nodes and a sequence of time steps
specified by the user. The fifth output file, typically given the filename extension “.Ist”, can list
(at the user’s option) a variety of information, including a summary of the input parameters and
fluid and solute mass budget calculations, as shown in Figure 5.3. The sixth output file, typically
given the filename extension “.smy”, summarizes simulation progress, receives convergence and
error information; its default name is “SUTRA.SMY™.
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SUTRA Headers

"inp" Input Data
and Data Checks

Initial Conditions

for Pressure and
Concentration or Temperature

Steady-State Results, or

Results for Time Step 1

(Pressure, Concentration or
Temperature, Velocities,
Saturation, Budget)

Results for Each NPRINT
Time Steps

Results for Last Time Step

Figure 5.3 . Schematic of SUTRA output to the “.Ist” file.
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The input and output files are summarized below:

Filename or extension Contents
SUTRA.FIL file assignments
Input files np main input

.cs initial conditions

.smy (SUTRA.SMY) simulation summary
st main results listing

Output files .Ist restart file (same? format as .ics file)

.nod nodewise results
.ele elementwise results
.obs observation results

The main logic flow of the program is straightforward. A schematic diagram of the code is
shown in Figure 5.4. The main program sets up dimensions and calls the main control routine,
SUTRA, which cycles the program tasks by calling most of the remaining subroutines in
sequence. Subroutines are named to describe their main function. The remainder of this section
describes the SUTRA main program and each of the subroutines and subprograms in
alphabetical order.

Main Program SUTRA MAIN

e Purpose:

1. To read in certain input data, including the problem dimensions.

2. To compute the dimensions of and dynamically allocate memory for the various arrays
used by SUTRA.

3. To start and stop the simulation.

e (Calls to:

DIMWRK, FOPEN, INDATO0, PRSWDS, READIF, SKPCOM, SUTERR, SUTRA

e Description:

The main program reads data from datasets 1 — 8 of the “.inp” input file (in part, by way of a
call to subroutine INDATO). It uses the input data to compute (in part, by way of a call to
subroutine DIMWRK) the dimensions of the various arrays that are declared in subroutine
SUTRA; these dimensions are passed through COMMON blocks. It then passes control to
subroutine SUTRA.

Subroutine ADSORB
e Purpose:

To calculate and supply values from adsorption isotherms to the simulation.
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SUTRA_MAIN |
| FOPEN | [ INDAT1 J¢{ TENSYM J¢{ ROTMAT | [ connec |
-
[ INDATO | [ zEro |
- -
[ DIMWRK | [ SOURCE | [ INDAT2 ¢ UNSAT |
[ |
SUTRA
| PTRSET | TRISET |
D)y @Dy
[ouTLsT2| [oOUTLSTR]
I
Ld
v
ZERO
»
ADSORB |
(D)) D) §
o| [ ELEMN2 | ELEMN3 |
=]
5
§ g _DISPR3 Element
2| z [Rotmar o Tensvm | | -°%®°
Elw ¢
| e §
? b
g| | nobAL |} unsat |
=z
| SOLVER H SOLWRP |" lterative Solver
¢ Package (SLAP)
D)y @Y Utilities
[ouTLsT2] [ouTLST3] | [ DSLUGM |
[BUDGET J¢{ UNsSAT |
OUTOBS
[ouross|

Figure 5.4 . SUTRA logic flow. “Utilities” are program units that perform simple functions and are not
integral to the logic flow; they are listed separately for the sake of clarity and completeness. GLOxxx
refers to either GLOBAN or GLOTRI.
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Called by:
BUDGET, SUTRA

Description:
ADSORB calculates the sorption coefficient, KRH (called CS1), and s (called SL) and sg

(called SR), which are used in calculating adsorbate concentrations, U, depending on the
particular isotherm chosen: linear, Freundlich or Langmuir. The calculations are based on the
description given in section 4.7, “Temporal Evaluation of Adsorbate Mass Balance.”
ADSORB is called once per time step for U, when sorption is employed in the simulation.

Subroutine BANWID

Purpose:
To calculate the bandwidth of the mesh.

Called by:
SUTRA

Calls to:
SUTERR

Description:

BANWID checks the incidence array, IN, in all elements for the maximum difference in
node numbers contained in an element. This value, NDIFF, is used to calculate the
bandwidth, NBL.

Subroutine BASIS2

Purpose:

To calculate values of basis functions, weighting functions, their derivatives, Jacobians, and
coefficients at a point in a quadrilateral element for 2D meshes.

Called by:
ELEMN?2

Calls to:
UNSAT

Description:

BASIS2 receives the coordinates of a point in an element in local coordinates (&, 1), denoted
(XLOC,YLOC) in the routine. At this point, BASIS2 determines the following: values of the
four basis functions and their derivatives in each local coordinate direction, elements of the
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Jacobian matrix, the determinant of the Jacobian matrix, elements of the inverse Jacobian
matrix, and if required, four values of the asymmetric weighting function (one for each node)
and their derivatives. In addition, the derivatives are transformed to global coordinates and
passed out to ELEMNZ2. Values of nodewise-discretized parameters, the local and global
velocity, and parameters dependent on p or U are calculated at this location in the element.
Unsaturated parameters are obtained by a call to UNSAT. The calculations are based on
section 4.1 “Basis and Weighting Functions”, 4.2 “Coordinate Transformations,” and 4.6
“Consistent Evaluation of Fluid Velocity.”

Subroutine BASIS3
e Purpose:

To calculate values of basis functions, weighting functions, their derivatives, Jacobians, and
coefficients at a point in a hexahedral element for 3D meshes.

e (alled by:
ELEMN3

e (alls to:
UNSAT

e Description:

BASIS3 receives the coordinates of a point in an element in local coordinates (&, 1, C),
denoted (XLOC,YLOC,ZLOC) in the routine. At this point, BASIS3 determines the
following: values of the eight basis functions and their derivatives in each local coordinate
direction, elements of the Jacobian matrix, the determinant of the Jacobian matrix, elements
of the inverse Jacobian matrix, and if required, eight values of the asymmetric weighting
function (one for each node) and their derivatives. In addition, the derivatives are
transformed to global coordinates and passed out to ELEMN3. Values of nodewise-
discretized parameters, the local and global velocity, and parameters dependent on p or U are
calculated at this location in the element. Values of parameters dependent on p or U are
calculated at this location. Unsaturated parameters are obtained by a call to UNSAT. The
calculations are based on section 4.1 “Basis and Weighting Functions”, 4.2 “Coordinate
Transformations,” and 4.6 “Consistent Evaluation of Fluid Velocity.”

Subroutine BC
e Purpose:

1. To implement specified pressure node conditions in the matrix equations.

2. To implement specified temperature or concentration node conditions in the matrix
equations.

e (Called by:
SUTRA
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Description:
The source terms involving v, in (4.112) are added to fluid balance matrix equation to

implement specified p nodes. The unified energy-solute mass balance is modified by the
addition of a source, QPL (calculated with the most recent p solution by subroutine SUTRA)
with concentration or temperature, UBC. The source terms involving v, in (4.145) are

added to the energy-solute mass balance matrix equation in order to implement specified U
nodes.

Subroutine BCTIME

Purpose:

A user-programmed routine in which time-dependent sources and boundary conditions are
specified.

Called by:
SUTRA

Description:

BCTIME is called on each time step when a time-dependent source or boundary condition is
specified by the user. It allows the value of a source or boundary condition to be changed on
any or all time steps.

BCTIME is divided into four sections. The first section allows the user to specify either time-
dependent pressure and concentration or temperature of an inflow, or both, at specified
pressure nodes (PBC or UBC). The second section allows user specification of time-
dependent U at specified concentration/temperature nodes. The third section allows user
specification of time-dependent fluid source or source concentration/temperature. The fourth
section allows user-specification of time-dependent solute mass or energy sources.

The current time step number, IT, and current time (at the end of the present time step) in
various units are available for use in the user-supplied programming. The user may program
in any convenient way through data statements, calls to other programs, logical structures,
“read” or “write” statements, or other preferred methods of specifying the time variability of
sources or specified p and U conditions. More information may be found in section 7.5,
“User-Supplied Programming.”

Block-data Subprogram BDINIT

Purpose:
To initialize variables named in COMMON blocks.
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Description:

BDINIT is a block-data subprogram that initializes certain variables named in COMMON
blocks.

Subroutine BOUND

Purpose:

1. To read specified pressure node numbers and pressure values, check the data, and print
information.

2. To read specified concentration or temperature node numbers and the values, check the
data, and print information.

3. To set up pointer arrays that track the specified p and U nodes for the simulation.

Called by:
SUTRA

Calls to:
READIF, SKPCOM, SUTERR

Description:

BOUND reads and organizes, checks and prints information on specified p nodes and
specified U nodes. The pressure information read is node number, pressure value and U value
of any inflow at this node. If there are NPBC specified pressure nodes, the above information
becomes the first NPBC values in vectors IPBC, PBC and UBC. The specified U information
read is node number and U value. If there are NUBC specified concentration nodes, the
above information begins in the (NPBC+1) position of [UBC and UBC, and ends in the
(NUPBC+NUBGC) position of [IUBC and UBC. This is shown below:

1 2 3 4 5 6 7 8 9 10 11

IPBC ( )
X X X X X X

PBC ( )
X X X X X X

X X X X X X Yy Yy y Yy
UBC(

7891011)
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y Yy Yy ¥

IUBC(1234567891011)

where “x “ refers to specified p information, and “y” refers to specified U information.

Counts are made of each type of specification and are checked against NPBC and NUBC for
correctness. A zero node number ends the data set for p and then for U. One blank element is
left at the end of each of these arrays in case there are no specified p or U nodes. The first
NPBC elements of IUBC are blank. These arrays are used primarily by subroutines BC and
BUDGET.

Subroutine BUDGET
e Purpose:

1. To calculate and output a fluid mass budget on each time step with output.

2. To calculate and output a solute mass or energy budget on each time step with output.

e Called by:
SUTRA
e (Calls to:

ADSORB, UNSAT

e Description:

BUDGET calculates and outputs a fluid mass, solute mass or energy budget on each output
time step for whichever of p and/or U are solved for on the just-completed time step. The
calculations are done as described in section 5.5 “Budget Calculations.”

Subroutine CONNEC
e Purpose:

To read, output, and organize node incidence data.

e (Called by:
SUTRA
e (Calls to:

READIF, SKPCOM, SUTERR
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e Description:

CONNEC reads the nodal incidence list, which describes how nodes are connected. The data
are organized as an array, IN, which contains the ordered set of node numbers (four in 2D;
eight in 3D) in each element in order of element number. Thus, for a 2D simulation, the ninth
through twelfth values in IN are the four nodes in element number three. Array IN is used in
BANWID, ELEMN2, ELEMN3, GLOBAN, and GLOTRI.

Subroutine DIMWRK
e Purpose:

To return dimensions for the iterative solver work arrays.

e (Called by:

Main program

e Description:

DIMWRK computes the dimensions of the integer and floating-point work arrays used by the
iterative matrix solvers.

Subroutine DISPR3
e Purpose:

1. To compute longitudinal and transverse dispersivities for 3D simulations.

2. To return the angles of the velocity vector with respect to the principal permeability

directions.
e Called by:
ELEMN3
e (Calls to:

ROTATE, ROTMAT

e Description:

DISPR3 computes longitudinal and transverse dispersivities using an ad hoc, 3D anisotropic
dispersion model that is a generalization of the 2D SUTRA dispersion model (see section
2.5). Three dispersivities are computed: AL, the longitudinal dispersivity, and AT1 and AT2,
the two transverse dispersivities.

Subroutine ELEMN2
e Purpose:

1. To carry out all 2D elementwise calculations required in the matrix equations.
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2. To calculate 2D element centroid velocities for output.

Called by:
SUTRA

Calls to:
BASIS2, GLOBAN, GLOTRI, SUTERR

Description:

ELEMN?2 undertakes a loop through all the elements in a mesh. For each element, subroutine
BASIS2 is called four times, once for each Gauss point. BASIS2 provides basis function
information, and values of coefficients and velocities at each Gauss point, all of which is
saved by ELEMN? for use in calculations for the present element.

Gaussian integration (two by two points) as described in section 4.3, is carried out for each
integral in the fluid mass balance ((4.101) and (4.102)), and for each integral in the unified
energy and solute mass balance ((4.138) and (4.139)). The portion of cell volume within the
present element for node I, VOLE(I), is calculated with the fluid balance integrals. The
values of the integrals are saved either as four-element vectors or as four-by-four arrays.
Separate (nearly duplicate) sections of the integration code employ either basis functions for
weighting or asymmetric weighting functions.

The vectors and arrays containing the values of integrals over the present element are passed
to subroutine GLOBAN or GLOTRI for addition to the global matrix equation (assembly
process).

Subroutine ELEMN3

Purpose:

1. To carry out all 3D elementwise calculations required in the matrix equations.

2. To calculate 3D element centroid velocities for output.

Called by:
SUTRA

Calls to:
DISPR3, BASIS3, GLOBAN, GLOTRI, SUTERR, TENSYM

Description:

ELEMN3 undertakes a loop through all the elements in a mesh. For each element, subroutine
BASIS3 is called eight times, once for each Gauss point. BASIS3 provides basis function
information, and values of coefficients and velocities at each Gauss point, all of which is
saved by ELEMN3 for use in calculations for the present element.
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Gaussian integration (two by two by two points) as described in section 4.3, is carried out for
each integral in the fluid mass balance ((4.99) and (4.100)), and for each integral in the
unified energy and solute mass balance ((4.134) and (4.135)). The portion of cell volume
within the present element for node I, VOLE(]), is calculated with the fluid balance integrals.
The values of the integrals are saved either as eight-element vectors or as eight-by-eight
arrays. Separate (nearly duplicate) sections of the integration code employ either basis
functions for weighting or asymmetric weighting functions.

The vectors and arrays containing the values of integrals over the present element are passed
to subroutine GLOBAN or GLOTRI for addition to the global matrix equation (assembly
process).

Subroutine FOPEN

Purpose:
1. To open the file “SUTRA.FIL” and read in unit numbers and file names.

2. To check for the existence of and open files used in the SUTRA simulation.

Called by:

Main program

Calls to:
SUTERR

Description:

FOPEN first opens the file “SUTRA.FIL”, from which it reads the Fortran unit numbers and
associated filenames to be used during the SUTRA run. It then checks for duplicate unit
numbers, checks for the existence of the input files, and opens the input and output files.

Subroutine GLOBAN

Purpose:

To assemble elementwise integrations into the global banded matrix form used by the direct
(Gaussian elimination) solver.

Called by:
ELEMN2, ELEMN3

Description:

GLOBAN carries out the sum over elements of integrals evaluated over each element by
ELEMN2 or ELEMN3 (as suggested in 2D by relation (3.23)). Both the matrix and right-
hand-side vector terms involving integrals in the discretized governing equations (4.112) and
(4.145) are constructed.
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Subroutine GLOTRI

Purpose:

To assemble elementwise integrations into the global “triad” matrix form used by the SLAP
iterative solvers.

Called by:
ELEMN2, ELEMN3

Description:

GLOTRI carries out the sum over elements of integrals evaluated over each element by
ELEMN?2 or ELEMN3 (as suggested in 2D by relation (3.23)). Both the matrix and right-
hand-side vector terms involving integrals in the discretized governing equations (4.112) and
(4.145) are constructed.

Subroutine INDATO

Purpose:

To input, output, and organize a portion of the “.inp” input data.

Called by:

Main program

Calls to:
READIF, SKPCOM, SUTERR

Description:

INDATO reads data from the “.inp” file (datasets 5 — 7) that are needed by the main program
to compute array dimensions before passing control to subroutine SUTRA.

Subroutine INDAT1

Purpose:

1. To read simulation and mesh data from the “.inp” data file, and output this information.

2. To initialize some variables and carry out minor calculations.

Called by:
SUTRA

Calls to:
READIF, SKPCOM, SUTERR, TENSYM
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Description:

INDATTI reads a portion of the “.inp” input data file, ending with the elementwise data set.
Most information is printed on the “.Ist” data file after reading; the amount of output depends
on the user choice of long or short output format. Scale factors are multiplied with
appropriate input data. Calculations are carried out for a thermal conductivity adjustment and
for determination of the components of the permeability matrix k in each element from Kpax,
Kmin, and 0 (for 2D) or from Kyax, Kmid, Kmin, 01, 62, and 05 (for 3D).

Subroutine INDAT?2

Purpose:

1. To read initial conditions from the “.ics” file.

2. To initialize some arrays.

Called by:
SUTRA

Calls to:
READIF, SKPCOM, SUTERR, UNSAT, ZERO

Description:

INDAT?2 reads the “.ics” data file, which contains initial conditions for p and U. The warm-
start section reads initial conditions and parameter values of a previous time step, all of
which must have been stored by subroutine OUTRST on a previous simulation. For a cold
start, INDAT?2 reads 